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Abstract
We report a systematic study of the stringy interaction between two sets of Dp
branes placed parallel at a separation in the presence of two worldvolume fluxes for
each set. We focus in this paper on that the two fluxes on one set have the same
structure as those on the other set but they in general differ in values, which can
be both electric or both magnetic or one electric and one magnetic. We compute
the respective stringy interaction amplitude and find that the presence of electric
fluxes gives rise to the open string pair production while that of magnetic ones
to the open string tachyon mode. The interplay of these two leads to the open
string pair production enhancement in certain cases when one flux is electric and
the other is magnetic. In particular, we find that this enhancement occurs even
when the electric flux and the magnetic one share one common field strength index
which is impossible in the one-flux case studied previously by the present author
and his collaborator in [17]. This type of enhancement may have realistic physical
applications, say, as a means to explore the existence of extra dimensions.
1
1 Introduction
D brances are one type of non-perturbative stable Bogomol’ny-Prasad-Sommerfield (BPS)
solitonic extended objects in superstring theories (for example, see [1]), preserving one
half of the spacetime supersymmetries. These object are important or useful mainly
because though they are non-perturbative, their dynamics can still be described, when
the string coupling is small, by the perturbative open string with its two ends satisfying
the usual Neumann Boundary conditions along the brane directions and the so-called
Dirichlet boundary conditions along directions transverse to the branes [2]. When two
such Dp-branes1 are placed parallel to each other at a separation and are at rest, there
is no net interaction acting between the two and this system, just like either of the Dp
branes, is also a stable BPS one, preserving one half of the spacetime supersymmetries.
A Dp brane has its tension and carries also the so-called RR charge. One therefore
expects in general an attractive force due to their tensions and a repulsive one due to their
RR charges between two such Dp branes. The BPS nature of the Dp brane relates the
charge and the tension and as such the sum of these two contributions gives a vanishing
net interaction. We can check this by computing the lowest order stringy interaction
amplitude from either a closed string tree-level cylinder diagram or equivalently an open
string one-loop annulus one. In either computation, we have two contributions. The
so-called NS-NS contribution, due to the brane tension, is as expected attractive, while
the so-called R-R contribution, due to the RR charges, is repulsive. The sum of the two
gives an expected zero net interaction by making use of the usual ‘abstruse identity’ [2].
When each Dp-brane carries fluxes, which can be electric and/or magnetic ones2,
the interaction is in general non-vanishing. For large brane separation, this interaction,
if non-vanishing, has to be attractive since it is due to different branes and the only
contributions are from their tensions (different brane charges do not interact). For small
brane separation, the story is a bit complicated as we will see. The best description is
in terms of the open string one. If there is a non-vanishing interaction, the underlying
system breaks all supersymmetries and we expect to have some interesting physics process
to occur, especially when the brane separation is small.
From the open string perspective, the open string one-loop annulus diagram can be
1For having a distance between the two, we need to have p ≤ 8.
2The electric flux on a Dp-brane stands for the presence of F-strings, forming the so-called (F, Dp)
non-threshold bound state[3, 4, 5, 6, 7, 8, 9, 10], while a magnetic flux stands for that of co-dimension 2
D-branes inside the original Dp brane, forming the so-called (D(p-2), Dp) non-threshold bound state[11,
12, 13], from the spacetime perspective. These fluxes are in general quantized. We will not discuss their
quantizations in the text for simplicity due to their irrelevance for the purpose of this paper.
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viewed either as a virtual open string circulating a closed time loop or as a pair of virtual
open string and virtual anti open string creating from the vacuum at certain moment,
existing for a short period of time and finally annihilating to the vacuum. The two ends
of the virtual open string pair connecting the two Dp branes appear just as virtual charge
and anti-charge pair to each Dp brane. If the added fluxes on each Dp contain an electric
one, this electric flux can provide a force acting on the virtual charge and anti-charge pair
to pull them apart, which can also be understood as providing the energy needed to the
virtual pair, to make them become real, i.e., the analog of the Schwinger pair production.
So we expect the interaction amplitude, in the presence of electric flux(es), not only to
be non-vanishing but also to have an imaginary part, giving rise to the open string pair
production. In general, the pair production rate is vanishingly small and suppressed
exponentially by the brane separation. However, when magnetic fluxes are also present
in a certain way3, this open string pair production rate is greatly enhanced and becomes
significant to have potential physical applications.
We would like to stress that the present pair production in Type II superstring case
is different from that in the Type I superstring case as given in [14, 15] . For a single
Type II Dp brane, we have a U(1) gauge group and computations give a vanishing open
string annulus amplitude as well as a vanishing open string pair production rate even if
the brane carries a constant worldvolume electric flux. These vanishing results are due
to that the open string is oriented and is therefore charge-neutral in the sense that its
two ends carry the respective U(1) charge +1 and −1 with zero-net charge. This is also
consistent with the fact that a Type II Dp brane carrying a constant electric flux is a
1/2 BPS non-threshold bound state (F, Dp) as discussed in footnote 2. So this system
is stable rather than unstable and the pair production cannot occur. In order to have
the open string pair production in Type II, the simplest possible choice is to consider
two Dp branes placed parallel at a separation with each carrying a different electric flux.
This is the rational for considering such a system of two Dp branes in this paper and as
mentioned above already the open strings produced are directly related to the dimensions
transverse to the branes. So a detection of the pair production by an observer living on
the brane will signal the existence of extra dimensions, for exmple, for p = 3 case.
Given the above rational for the open string pair production in Type II string theories
discussed in this paper, the open string pair production discussed in [14, 15] is for the
charged unoriented open string in Type I superstring with its two ends carrying their
3For D = 26 bosonic string case, magnetic fluxes were also considered in a general setting in the spirit
of Bachas and Porrati [14, 15] in [16]. It is not clear if there is a similar pair production enhancement
uncovered here in the bosonic context (It does not appear so in the specific example given there.).
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respective charge e1 and e2 coupled to a constant spacetime background electric field.
This background field picks up some U(1) direction inside the non-abelian SO(32) in
Type I. Since there are different choices of this U(1) embedding inside SO(32), this may
give different values of the charge e1 and e2. So for this case e1 + e2 can be nonzero and
as such, as discussed in [14, 15], there can be non-zero open string pair production rate.
In terms of modern D-brane language, we know that the gauge group SO(32) is from the
16 D9 (spacetime filling) branes in type I theory and the open string considered describes
certain overall dynamics, characterized by the U(1), of these 16 D9 branes. Consistent
with this, the two ends of Type I unoriented open string, apart from the background field
directions, obey the usual Neumann boundary conditions. There is no sense of brane
separation here. The direct relevance to this case is a D9 in Type IIB. As stressed above,
the corresponding Type IIB open string pair production rate always vanishes even if a
constant worldvolume electric flux is applied. So the physics is different in these two cases
even though there are similarities technically.
For other Type II Dp-branes with p ≤ 8, the two ends of open string now obey
Dirichlet boundary conditions along directions transverse to the brane in addition to the
Neumann boundary conditions along the brane directions. For a system of two Dp branes
placed parallel at a separation with each carrying fluxes considered in this paper, the
exponential brane separation suppression factor, appearing in the interaction amplitude
and the corresponding possible open string pair production rate, comes from the zero-
mode contribution from the Dirichlet directions.
The operator structure of the boundary state for a Dp brane holds true even with
the presence of general external fluxes on the worldvolume [10] and using this closed
string boundary state approach we can compute the closed string cylinder amplitude
between the two Dp branes considered for any constant worldvolume flux, especially when
certain technical tricks can be used, as discussed in the following section, to simplify the
computations. The corresponding open string annulus amplitude can be obtained, for
the purpose of obtaining the possible open string pair production rate, simply by using a
Jacobi transformation. This gives an advantage over the open string approach adopted in
[14, 15] for which only pure electric or magnetic field was considered in Type I superstring
case. It appears complicated and difficult there if both electric and magnetic fields are
present.
Without further ado, in this paper we will compute the interaction amplitude for a
system of two sets of Dp branes, placed parallel at a separation, with each set carrying two
fluxes with the same structure but different in values in the sense specified later on. We
will also compute the corresponding open string pair production rate if any and discuss
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the relevant analytic structures of the amplitude. We will give a complete account of
the aforementioned two-flux cases in this paper. Depending on the structure of the two
fluxes on each set of the Dp branes, we have three cases to consider: 1) 8 ≥ p ≥ 2, 2)
8 ≥ p ≥ 3 and 3) 8 ≥ p ≥ 4. We will explore the nature (attractive or repulsive) of the
interaction at large brane separation and small brane separation, respectively, and study
various instabilities such as the onset of tachyonic one at small brane separation. We will
determine at which conditions there exists open string pair production and its possible
enhancement. We will also speculate possible applications of the enhanced open string
pair production.
This paper is organized as follows. In section 2, we provide the basic setup for the
computations of various interaction amplitudes for systems considered. In section 3,
we compute the interaction amplitude and give a complete analytical analysis of this
amplitude for the system of two sets of Dp branes placed parallel at a separation when
the two fluxes on each set share one common field strength index. This case requires
8 ≥ p ≥ 2. Here we find a new possibility, when one flux is electric and the other is
magnetic, that gives rise to a new pair production enhancement. This possibility will not
occur when each set of Dp branes carry only one flux as studied previously in [17]. In
section 4, we repeat the amplitude computation and its analysis for the system of two
sets of Dp branes in a similar fashion but with the two fluxes on each set sharing no
common field strength index when one is electric and the other magnetic or sharing one
common field strength index when both are magnetic. This case corresponds to 8 ≥ p ≥ 3.
This is the most interesting case for having the great enhancement of open string pair
production when there are one electric flux and one magnetic one present on each set of
the Dp branes. In particular, when the two electric fluxes are almost identical and the
two magnetic fluxes are opposite in direction, the open string pair production rate has
a great enhancement which is quite unexpected and this rate is the largest when p = 3.
As we will discuss in section 6, this is the case that has potentially realistic applications,
for example, one can use this as a means to explore the existence of extra dimension(s)
among other things. In section 5, we repeat the same process for the system of two sets
of Dp branes again in a similar fashion but now with the two magnetic fluxes on each set
sharing no common field strength index. This corresponds to 8 ≥ p ≥ 4 case. We will
discuss and conclude this paper in section 6.
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2 The basic setup
In this section, we will provide the basis for computing the lowest order stringy interaction
amplitude for a system of two sets of Dp branes placed parallel at a separation with each
set carrying certain fluxes. For this, we consider first the closed string cylinder diagram
with Dp branes represented by their respective boundary state |B〉[18, 19]. For such
a description, there are two sectors, namely NS-NS and R-R sectors. In each sector, we
have two implementations for the boundary conditions of a Dp brane, giving two boundary
states |B, η〉, with η = ±. However, only the combinations
|B〉NS = 1
2
[|B,+〉NS − |B,−〉NS] ,
|B〉R = 1
2
[|B,+〉R + |B,−〉R] , (1)
are selected by the Gliozzi-Scherk-Olive (GSO) projection in the NS-NS and R-R sectors,
respectively. The boundary state |B, η〉 for a Dp-brane can be expressed as the product
of a matter part and a ghost part [20, 21], i.e.
|B, η〉 = cp
2
|Bmat, η〉|Bg, η〉, (2)
where
|Bmat, η〉 = |BX〉|Bψ, η〉, |Bg, η〉 = |Bgh〉|Bsgh, η〉 (3)
and the overall normalization cp =
√
π
(
2π
√
α′
)3−p
.
As discussed in [10], the operator structure of the boundary state holds true even with
the presence of external fluxes on the worldvolume and is always of the form
|BX〉 = exp(−
∞∑
n=1
1
n
α−n ·M · α˜−n)|BX〉0, (4)
and
|Bψ, η〉NS = −i exp(iη
∞∑
m=1/2
ψ−m ·M · ψ˜−m)|0〉, (5)
for the NS-NS sector and
|Bψ, η〉R = −exp(iη
∞∑
m=1
ψ−m ·M · ψ˜−m)|B, η〉0R, (6)
for the R-R sector. The ghost boundary states are the standard ones as given in [20],
independent of the fluxes, which we will not present here. The M-matrix4, the zero-
modes |BX〉0 and |B, η〉0R encode all information about the overlap equations that the
4We have changed the previously often used symbol S to the current M to avoid a possible confusion
with the S-matrix in scattering amplitude.
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string coordinates have to satisfy. They can be determined respectively [18, 10] as
M = ([(η − Fˆ )(η + Fˆ )−1]αβ,−δij), (7)
|BX〉0 = [− det(η + Fˆ )]1/2 δ9−p(qi − yi)
9∏
µ=0
|kµ = 0〉, (8)
for the bosonic sector, and
|Bψ, η〉0R = (CΓ0Γ1 · · ·Γp1 + iηΓ11
1 + iη
U)AB|A〉|B˜〉, (9)
for the R-R sector. In the above, the Greek indices α, β, · · · label the world-volume
directions 0, 1, · · · , p along which the Dp brane extends, while the Latin indices i, j, · · ·
label the directions transverse to the brane, i.e., p+ 1, · · · , 9. We define Fˆ = 2πα′F with
F the external worldvolume field. We also have denoted by yi the positions of the D-brane
along the transverse directions, by C the charge conjugation matrix and by U the matrix
U(Fˆ ) =
1√
− det(η + Fˆ )
; exp
(
−1
2
FˆαβΓ
αΓβ
)
; (10)
with the symbol ; ; denoting the indices of the Γ-matrices completely anti-symmetrized in
each term of the exponential expansion. |A〉|B˜〉 stands for the spinor vacuum of the R-R
sector. Note that the η in the above denotes either sign ± or the worldvolume Minkowski
flat metric and should be clear from the content.
The vacuum amplitude can be calculated via
Γ = 〈B(Fˆ ′)|D|B(Fˆ )〉, (11)
where D is the closed string propagator defined as
D =
α′
4π
∫
|z|≤1
d2z
|z|2 z
L0 z¯L˜0 . (12)
Here L0 and L˜0 are the respective left and right mover total zero-mode Virasoro generators
of matter fields, ghosts and superghosts. For example, L0 = L
X
0 + L
ψ
0 + L
gh
0 + L
sgh
0 where
LX0 , L
ψ
0 , L
gh
0 and L
sgh
0 represent contributions from matter fields X
µ, matter fields ψµ,
ghosts b and c, and superghosts β and γ, respectively, and their explicit expressions can
be found in any standard discussion of superstring theories, for example in [22], therefore
will not be presented here. The above total vacuum amplitude has contributions from
both NS-NS and R-R sectors, respectively, and can be written as Γ = ΓNSNS + ΓRR.
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In calculating either ΓNSNS or ΓRR, we need to keep in mind that the boundary state
used should be the GSO projected one as given earlier. For this purpose, we need to
calculate first the amplitude Γ(η′, η) = 〈B′, η′|D|B, η〉 in each sector with η′η = +or−,
B′ = B(Fˆ ′) and B = B(Fˆ ). In doing so, we can set L˜0 = L0 in the above propagator due
to the fact that L˜0|B〉 = L0|B〉, which can be used to simplify the calculations. Actually,
Γ(η′, η) depends only on the product of η′ and η, i.e., Γ(η′, η) = Γ(η′η). In the NS-NS
sector, this gives ΓNSNS(±) ≡ Γ(η′, η) when η′η = ±, respectively. Similarly we have
ΓRR(±) ≡ Γ(η′, η) when η′η = ± in the R-R sector. We then have
ΓNSNS =
1
2
[ΓNSNS(+)− ΓNSNS(−)] , ΓRR = 1
2
[ΓRR(+) + ΓRR(−)] . (13)
Given the structure of the boundary state, the amplitude Γ(η′η) can be factorized as
Γ(η′η) =
n1n2c
2
p
4
α′
4π
∫
|z|≤1
d2z
|z|2A
X AbcAψ(η′η)Aβγ(η′η), (14)
where we have replaced the cp in the boundary state by ncp with n an integer to count
the multiplicity of Dp branes. In the above, we have
AX = 〈B′X ||z|2L
X
0 |BX〉, Aψ(η′η) = 〈B′ψ, η′||z|2L
ψ
0 |Bψ, η〉,
Abc = 〈Bgh||z|2L
gh
0 |Bgh〉, Aβγ(η′η) = 〈Bsgh, η′||z|2L
sgh
0 |Bsgh, η〉. (15)
The above ghost and superghost matrix elements Abc and Aβγ(η′η), both independent of
the fluxes, can be calculated to give,
Abc = |z|−2
∞∏
n=1
(
1− |z|2n)2 , (16)
and in the NS-NS sector
AβγNSNS(η
′η) = |z|
∞∏
n=1
(
1 + η′η|z|2n−1)−2 , (17)
while in the R-R sector
AβγRR(η
′η) = R0〈Bsgh, η′|Bsgh, η〉0R |z| 34
∞∏
n=1
(
1 + η′η|z|2n)−2 , (18)
where R0〈Bsgh, η′|Bsgh, η〉0R denotes the superghost zero-mode contribution which requires
a regularization along with the zero-mode contribution of matter field ψ in this sector.
We will discuss this regularization later on.
8
For the matrix elements of matter part, i.e. AX and Aψ(η′η) given in (15), we can
also calculate them with the matrix M given in (7). Their computations can be greatly
simplified if the following property of matrix M is used,
Mµ
ρ(MT )ρ
ν = (MT )µ
ρMρ
ν = δµ
ν , (19)
where T denotes the transpose of matrix. For a system of two sets of Dp branes, placed
parallel at a separation y, with one carrying flux Fˆ ′ and the other carrying flux Fˆ , we can
then have,
AX = Vp+1
[
det(η + Fˆ ′) det(η + Fˆ )
] 1
2
(2π2α′t)
9−p
2
e−
y2
2piα′t
∞∏
n=1
(
1
1− |z|2n
)9−p p∏
α=0
1
1− λα|z|2n , (20)
and in the NS-NS sector
AψNSNS(η
′η) =
∞∏
n=1
(
1 + η′η|z|2n−1)9−p p∏
α=0
(
1 + η′ηλα|z|2n−1
)
, (21)
while in the R-R sector
AψRR(η
′η) = R0〈B′ψ, η′|Bψ, η〉0R |z|
5
4
∞∏
n=1
(
1 + η′η|z|2n)9−p p∏
α=0
(
1 + η′ηλα|z|2n
)
, (22)
where R0〈B′ψ, η′|Bψ, η〉0R denotes the zero-mode contribution in this sector mentioned
earlier. In the above, |z| = e−pit, Vp+1 denotes the volume of the Dp brane worldvolume,
λα are the eigenvalues of the matrix w(1+p)×(1+p) defined as
W = MM ′T =
(
w(1+p)×(1+p) 0
0 I(9−p)×(9−p)
)
. (23)
where matrixM ′ andM are the one given in (7) when the corresponding fluxes are Fˆ ′ and
Fˆ , respectively, and I stands for the unit matrix. The orthogonal matrix W , satisfying
WW T = W TW = I10×10, (24)
can be obtained from a redefinition of the certain oscillator modes, say a˜nν , which is a
trick used in simplifying the evaluation of the matrix elements of matter part from the
contribution of oscillator modes. Let us take the following as a simple illustration for
obtaining the matrix W . In obtaining AX , we need to evaluate, for given n > 0, the
following matrix element,
〈0|e− 1nαµn(M ′)µ ν α˜n |z|2ατ−nαnτ e− 1nαρ−n(M)ρ σα˜−nσ |0〉 = 〈0|e− 1nαµn(M ′)µ ν α˜nνe− |z|
2n
n
αρ−n(M)ρ
σα˜−nσ |0〉,
(25)
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where |0〉 stands for the vacuum. Purely for simplifying the evaluation of the matrix
element on the right of the above equality, we first define α˜′µ = (M
′)µ
ρα˜ρ where we have
omitted the index n since this works for both n > 0 and n < 0, noting the matrix M ′
being real. Note that the commutation relation [α˜′nµ, α˜′mν ] = ηµνδn+m,0 continues to
hold, using the property of matrix M ′ as given in (19). With this property of matrix M ′,
we can have α˜µ = (M
′T )µ
να˜′ν . Substituting this into (25) for n < 0 and also dropping
the prime on α˜′, we have (25) as
〈0|e− 1n α˜µnαnµe− |z|
2n
n
αρ−nWρ
σα˜−nσ |0〉, (26)
where W is precisely the one given in (23). Since W is an unit matrix in the absence of
fluxes, we expect that it can be diagonalized with the deformation of adding fluxes using
the following non-singular matrix V ,
V =
(
v(1+p)×(1+p) 0
I(9−p)×(9−p)
)
, (27)
such that
W = VW0V
−1. (28)
In the above,
W0 =


λ0
λ1
. . .
λp
I(9−p)×(9−p)


, (29)
and v is a (1 + p) × (1 + p) non-singular matrix. We further define5, for n > 0, α′nµ =
(V −1)µ
ναnν and α
′µ
−n = α
ν
−n Vν
µ, and α˜′−nµ = (V
−1)µ
να˜−nν and α˜
′µ
n = α˜
ν
n Vν
µ. Note that
now α˜′
µ
nα
′
nµ = α˜
µ
nαnµ. The matrix element (26) becomes
〈0|e− 1n α˜′µn α′nµe− |z|
2n
n
λρ α
′ρ
−nα˜
′
−nρ |0〉. (30)
We have now the commutator relations [α′nµ, α
′ν
−m] = nδ
ν
µδn,m and [α˜
′µ
n , α˜
′
−mν ] = nδ
µ
ν δn,m
when n,m > 0. We now still have α′nµ|0〉 = α˜′µn |0〉 = 0 and 〈0|α′µ−n = 〈0|α˜′−nµ = 0. The
evaluation of (30) becomes then as easy as the case without the presence of fluxes, giving
the results of (20) to (22), respectively.
5This purely serves the purpose of simplifying the evaluation of the matrix element (26). For this, we
keep the annihilation operator α′
nµ
with a lower Lorentz index µ while the creation operator α′ν
−n
with
an upper Lorentz index ν. It will be opposite for the corresponding oscillators with tilde.
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We would like to point out that a similar approach to the above in simplifying the
computations can also be adapted for a system of Dp′ and Dp, placed parallel at a separa-
tion, with each carrying fluxes for p− p′ = 2k with k = 0, 1, 2, 3. What we have discussed
above corresponds to k = 0 case.
Given the general fluxes Fˆ ′ and Fˆ , therefore W from (23) and (7), what can we say
about the eigenvalues λα of W for α = 0, 1, · · ·p? Since the matrix Wµ ν satisfies (24) and
it is an identical matrix when there is no flux present, so we must have detW = 1 and
detw = 1. Then from (28), we have λ0λ1 · · ·λp = 1, the product of the eigenvalues being
unity. If we take trace of matrix W , we end up
∑p
α=0 λα = trw from TrW =
∑p
α=0 λα +
(9− p). Here we use the big trace symbol Tr denoting the trace of W and the small trace
symbol tr denoting the trace of w defined in (23). Further we can have
∑p
α=0 λ
n
α = trw
n
with n = 1, 2, · · · . We also have W−1 = VW−10 V −1 and Tr(W−1)n = Tr(W T )n. This
gives
∑p
α=0 1/λ
n
α =
∑p
α=0 λ
n
α. Using these properties, one can show in general
6, using the
eigenvalue equation f(λ) = det(λδβα −wβα) = (λ− λ0)(λ− λ1) · · · (λ− λp) = 0, that if p is
even, one of the eigenvalues is unity and the remaining ones give p/2 pairs and for each
pair the two eigenvalues are reciprocal to each other. For odd p, we have (p + 1)/2 pairs
of eigenvalues and the two eigenvalues in each pair are also reciprocal to each other.
With the above preparation, we are ready to give the general structure of ΓNSNS(η
′η)
in the NS-NS sector and that of ΓRR(η
′η) in the R-R sector, respectively, for the system
of two sets of Dp branes, placed parallel at a separation, carrying the general respective
fluxes Fˆ ′ and Fˆ . For the NS-NS sector, using (14), (16), (17), (20) and (21), we have then
ΓNSNS(η
′η) =
n1n2Vp+1
√
det(η + Fˆ ′) det(η + Fˆ )
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t |z|−1
×
∞∏
n=1
(
1 + η′η|z|2n−1
1− |z|2n
)7−p p∏
α=0
1 + λαη
′η|z|2n−1
1− λα|z|2n , (31)
while in the R-R sector, we have from (14), (16), (18), (20) and (22),
ΓRR(η
′η) =
n1n2Vp+1
√
det(η + Fˆ ′) det(η + Fˆ )
(8π2α′)
1+p
2
0R〈B′, η′|B, η〉0R
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
(
1 + η′η|z|2n
1− |z|2n
)7−p p∏
α=0
1 + η′ηλα|z|2n
1− λα|z|2n , (32)
where the zero-mode contribution
0R〈B′, η′|B, η〉0R ≡ 0R〈Bsgh, η′|Bsgh, η〉0R × 0R〈B′ψ, η′|Bψ, η〉0R, (33)
6The author would like to thank Zhihao Wu and Qiang Jia for discussion of this.
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whose respective explicit relation with the fluxes will be given in the specific cases con-
sidered in the following sections. In obtaining the above, we have used the following
relations
c2p
16π(2π2α′)
7−p
2
=
1
(8π2α′)
1+p
2
,
∫
|z|≤1
d2z
|z|2 = 2π
2
∫ ∞
0
dt (34)
where the explicit expression for cp as given right after (3) has been used and |z| = e−pit
as given earlier.
So with the ready form of the amplitude (31) and (32), the amplitude computations
are just boiled down to the determination of the eigenvalue λα and the evaluation of
the zero-mode matrix (33) once the worldvolume fluxes are given. In the following three
sections, we will compute the explicit interaction amplitude and analyze its analytical
structure for each of the three cases given in the Introduction.
3 The 8 ≥ p ≥ 2 case
In this section, we will consider the following two subcases with the corresponding two
non-vanishing field strength components on each set of Dp branes sharing a common
index. Without loss of generality, it can be cast in either of the following two structures
Fˆ =


0 −f1 −f2 0 . . .
f1 0 0 0 . . .
f2 0 0 0 . . .
0 0 0 0 . . .
...
...
...
...
. . .


(1+p)×(1+p)
, (35)
or
Fˆ =


0 −f 0 0 . . .
f 0 −g 0 . . .
0 g 0 0 . . .
0 0 0 0 . . .
...
...
...
...
. . .


(1+p)×(1+p)
. (36)
In the first subcase, we have two electric fluxes Fˆ01 = −Fˆ10 = −f1 and Fˆ02 = −Fˆ20 = −f2,
both of which share a common time index ‘0′ while in the second subcase, we have one
electric flux Fˆ01 = −Fˆ10 = −f and a magnetic one Fˆ12 = −Fˆ21 = −g, both of which share
a spatial index ‘1′. In what follows, let us consider each in order.
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3.1 The electric-electric case
In this subsection, we first consider the Fˆ ′ and Fˆ with the structure given in (35) to
compute the interaction amplitude and subsequently to determine the open string pair
production rate.
3.1.1 The interaction amplitude
Let us begin with computing the interaction amplitude. For this, we need to compute the
corresponding M ′ and M via (7), respectively, and then use (23) to determine w. From
this w, we have the eigenvalues? following the description given in the previous section,
as
λ0λ1λ2 = 1,
λ0 + λ1 + λ2 =
1
λ0
+
1
λ1
+
1
λ2
= λ1λ2 + λ0λ1 + λ0λ2,
=
(1 + f 21 + f
2
2 )(1 + f
′2
1 + f
′2
2 )− 4f1f ′1 − 4f2f ′2
(1− f 21 − f 22 )(1− f ′21 − f ′2)
+
(1 + f 21 − f 22 )(1 + f ′21 − f ′22 )− 4f1f ′1 + 4f1f2f ′1f ′2
(1− f 21 − f 22 )(1− f ′21 − f ′2)
+
(1− f 21 + f 22 )(1− f ′21 + f ′22 )−−4f2f ′2 + 4f1f2f ′1f ′2
(1− f 21 − f 22 )(1− f ′21 − f ′2)
, (37)
and the rest λ3 = · · · = λp = 1. In obtaining the last equality in the second line
above, we have used the equation in the first line. We don’t actually need to solve the
eigenvalues λ0, λ1, λ2 from (37) and the relations satisfied by them are just needed to give
the amplitude which we will compute now.
From (31), we have the NS-NS amplitude
ΓNSNS(η
′η) =
n1n2Vp+1
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t |z|−1
×
∞∏
n=1
(
1 + η′η|z|2n−1
1− |z|2n
)5 2∏
α=0
1 + λαη
′η|z|2n−1
1− λα|z|2n , (38)
where we can simplify the last product factor involving the eigenvalues λ0, λ1 and λ2,
using the eigenvalue relations given in (37), as
2∏
α=0
1 + λαη
′η|z|2n−1
1− λα|z|2n =
(1 + η′η|z|2n−1)(1 + λη′η|z|2n−1)(1 + λ−1η′η|z|2n−1)
(1− |z|2n)(1− λ|z|2n)(1− λ−1|z|2n) , (39)
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where
λ+ λ−1 = λ0 + λ1 + λ2 − 1
= 2
(f1 − f ′1)2 + (f2 − f ′2)2 + (1− f1f ′1 − f2f ′2)2 − (f1f ′2 − f2f ′1)2
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
. (40)
With this, we can re-express the above amplitude as
ΓNSNS(η
′η) =
n1n2Vp+1
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t |z|−1
×
∞∏
n=1
(
1 + η′η|z|2n−1
1− |z|2n
)6
(1 + λη′η|z|2n−1)(1 + λ−1η′η|z|2n−1)
(1− λ|z|2n)(1− λ−1|z|2n) . (41)
Then the total amplitude from the NS-NS sector is
ΓNSNS =
1
2
[ΓNSNS(+)− ΓNSNS(−)] ,
=
n1n2Vp+1
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t |z|−1
×
[
∞∏
n=1
An(+)−
∞∏
n=1
An(−)
]
, (42)
where
An(ηη
′) =
(
1 + ηη′|z|2n−1
1− |z|2n
)6
(1 + ηη′ λ|z|2n−1)(1 + ηη′ λ−1|z|2n−1)
(1− λ|z|2n)(1− λ−1|z|2n) . (43)
By the same token, we can have the R-R sector amplitude from (32) as
ΓRR(η
′η) =
n1n2Vp+1
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
(8π2α′)
1+p
2
0R〈B′, η′|B, η〉0R
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
(
1 + η′η|z|2n
1− |z|2n
)6
(1 + λη′η|z|2n)(1 + λ−1η′η|z|2n)
(1− λ|z|2n)(1− λ−1|z|2n) . (44)
Following the regularization scheme given in [23, 20], we can have in the R-R sector, using
the flux (35) and the expression for the R-R sector zero-mode (9) along with (10),
0R〈B′, η′|B, η〉0R = − 2
4(1− f1f ′1 − f2f ′2)√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
δη′η,+. (45)
So the total amplitude from the R-R sector is
ΓRR =
1
2
[ΓRR(+)− ΓRR(−)] ,
= −2
3 (1− f1f ′1 − f2f ′2)n1n2Vp+1
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
∞∏
n=1
Bn,
(46)
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where
Bn =
(
1 + |z|2n
1− |z|2n
)6
(1 + λ|z|2n)(1 + λ−1|z|2n)
(1− λ|z|2n)(1− λ−1|z|2n) . (47)
The total amplitude is then
Γ = ΓNSNS + ΓRR,
=
n1n2Vp+1
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
[
|z|−1
(
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
)
− 2
4(1− f1f ′1 − f2f ′2)√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
∞∏
n=1
Bn
]
, (48)
where An(±) are defined in (43) and Bn in (47).
Now we try to express this amplitude in terms of the Dedekind η-function and various
θ-functions with their standard definitions as given, for example, in [24] . For this, we set
the parameter λ = e2piiν . We have then from (40)
cosπν =
1− f1f ′1 − f2f ′2√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
,
sin πν =
√
(f1f ′2 − f2f ′1)2 − (f1 − f ′1)2 − (f2 − f ′2)2√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
. (49)
With this, the total amplitude (48) can be expressed as
Γ = ΓNSNS + ΓRR,
=
n1n2Vp+1 [(f1f
′
2 − f2f ′1)2 − (f1 − f ′1)2 − (f2 − f ′2)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ3(ν|it)θ
3
3(0|it)− θ4(ν|it)θ34(0|it)− θ2(ν|it)θ32(0|it)
η9(it)θ1(ν|it) ,
=
2n1n2Vp+1 [(f1f
′
2 − f2f ′1)2 − (f1 − f ′1)2 − (f2 − f ′2)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ41(
ν
2
|it)
η9(it) θ1(ν|it) ,
(50)
where in the last equality the following identity has been used
2 θ41
( ν
2
∣∣∣ τ) = θ33(0|τ)θ3(ν|τ)− θ34(0|τ)θ4(ν|τ)− θ32(0|τ)θ2(ν|τ), (51)
which is a special case of more general identity given in [25]. Note that one can show
1− f1f ′1− f2f ′2 >
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 ), given that f 21 + f 22 < 1 and f ′21 + f ′22 < 1,
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which implies that the parameter ν is actually imaginary. So we can set ν = iν0 with
0 < ν0 <∞ and (49) becomes
cosh πν0 =
1− f1f ′1 − f2f ′2√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
,
sinh πν0 =
√
(f1 − f ′1)2 + (f2 − f ′2)2 − (f1f ′2 − f2f ′1)2√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
. (52)
From the last equality in (50), we have
Γ =
24n1n2Vp+1 [(1− f 21 − f 22 )(1− f ′21 − f ′22 )]
1
2 sinh4 piν0
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
t
p−7
2 e−
y2
2piα′t
×
∞∏
n=1
(1− 2|z|2n cosh πν0 + |z|4n)4
(1− |z|2n)6(1− 2|z|2n cosh 2πν0 + |z|4n) . (53)
For large y, the major contribution to the amplitude is from the large t-integration and
we have, for p < 7,
Γ(large y) ≈ n1n2Vp+1
[
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
] 1
2 sinh4
πν0
2
4π(4π2α′)3−p
(7− p)Ω8−p
1
y7−p
> 0,
(54)
which gives indeed an attractive force7 as anticipated in the Introduction. Here Ωq denotes
the volume of unit q-sphere. For small y, the small t integration becomes important. The
only factor which can become negative at small t is the one (1 − 2|z|2n cosh 2πν0 + |z|4n)
in the denominator of the infinite product in the integrand in (53) since now |z| ∼ 1
and cosh 2πν0 > 1. When this factor becomes negative, the sign for the infinite product
remains unclear. So it is unclear about the nature of the interaction at small brane
separation in terms of the closed string cylinder variable t.
3.1.2 The open string pair production
For small y, the open string description is more suitable and the underlying physics
becomes more clear. So let us now pass from the above closed string cylinder amplitude
to the open string annulus one via the Jacobi transformation t → t′ = 1/t. For this, we
need the following relations for the Dedekind η-function and the θ1-function,
η(τ) =
1
(−iτ)1/2 η
(
−1
τ
)
, θ1(ν|τ) = i e
−ipiν2/τ
(−iτ)1/2 θ1
(
ν
τ
∣∣∣− 1
τ
)
. (55)
7Our convention is that Γ > 0 gives an attractive force.
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Using these two relations with τ = it and t′ = 1/t, we have from the last equality of (48)
Γ =
2n1n2Vp+1 [(f1 − f ′1)2 + (f2 − f ′2)2 − (f1f ′2 − f2f ′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
1+p
2
e−
y2t′
2piα′
η9(it′)
θ41(
ν0t′
2
|it′)
θ1(ν0t′|it′) ,
=
24 n1n2Vp+1 [(f1 − f ′1)2 + (f2 − f ′2)2 − (f1f ′2 − f2f ′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
1+p
2
e−
y2t
2piα′
sin4 piν0t
2
sin πν0t
×
∞∏
n=1
(1− 2|z|2n cosπν0t+ |z|4n)4
(1− |z|2n)6(1− 2|z|2n cos 2πν0t + |z|4n) , (56)
where in the first equality we have set ν = iν0 and in the second equality we have dropped
the prime on t and expressed out the Dedekind η-function and the θ1-functions. Here |z|
is the same as before, i.e. |z| = e−pit < 1.
Note that from either (53) or (56), we can check that Γ = 0 only if ν0 = 0, which
actually implies f1 = f
′
1, f2 = f
′
2. In other words, the underlying system is still a 1/2
BPS one just like each set of the Dp branes carrying the same two electric fluxes8. When
Γ 6= 0, the integrand in (56) has no exponential growing factor for large t, therefore there
is no open string tachyon mode to appear for the present case of only having electric
fluxes present. For small y, we see that all the other factors in the integrand in the
second equality of (56) are positive except for the factor sin πν0t in the denominator
which oscillates between +1 and −1 as the variable t increases. So this makes the small
separation interaction nature obscure but also interesting. It is precisely due to the
presence of this factor, which gives rise to an infinity number of simple poles along the
positive t-axis in the integrand, that signals a new physics process to occur. These simple
poles happen when sin πν0t vanishes while the factor sin πν0t/2 does not. We therefore
have them at
tk =
2k + 1
ν0
, k = 0, 1, · · · . (57)
Each of these simple poles actually tells the production of a pair of open strings as
described in the Introduction under the action of the applied electric fluxes [14, 26],
whose masses are proportional to the brane separation. When the brane separation is
large, the probability in producing this kind of open string pairs is small since the mass
for each pair is also large and therefore it is difficult to produce them. In this sense,
the underlying system has almost no decay process to occur and the only thing left is
the interaction between the two set of Dp branes. We are therefore certain about the
8The Dp branes carrying two orthogonal electric fluxes correspond to the so-called 1/2 BPS non-
threshold (F, F, Dp) bound state which can be obtained from the 1/2 BPS non-threshold bound state
D1 ⊥ D1 ⊥ D1 given in [8] using T-dualities and S-duality.
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nature of the interaction. However, for small brane separation, the pair production can
become significant and the system decays. In other words, the amplitude has actually an
imaginary part reflecting this decay and also giving the pair production rate. The infinite
number of simple poles appearing in the integrand in (56) indicates the occurrence of the
open string pair production. This process will continue and the energy of the system will
be carried away by the pair production until f1 = f
′
1 and f2 = f
′
2 for which the system
reaches its stable 1/2 BPS one.
The rate of open string pair production per unit worldvolume is the imaginary part
of the amplitude (56) in the second equality, which can be obtained as the sum of the
residues of the poles of the integrand times π following [14, 26] and is given as
W = −2 ImΓ
Vp+1
,
=
25 n1n2 [(f1 − f ′1)2 + (f2 − f ′2)2 − (f1f ′2 − f2f ′1)2]
1
2
ν0 (8π2α′)
1+p
2
∞∑
k=0
(
ν0
2k + 1
) p+1
2
e
− (2k+1)y
2
2piν0α
′
×
∞∏
n=1
(
1 + e
−
2n(2k+1)pi
ν0
1− e−
2n(2k+1)pi
ν0
)8
. (58)
We here try to understand this open string pair production rate. As anticipated, for given
k, the larger the brane separation is, the smaller the rate. For given y, the larger the k
is, the smaller the rate, too. This can be understood as for large k, the open string is
produced with a tension (2k+1) times the fundamental string tension, having also a large
mass, therefore more difficult to be produced. For given k and y, the larger the ν0 is,
which can also imply a larger factor [(f1 − f ′1)2 + (f2 − f ′2)2 − (f1f ′2 − f2f ′1)2]
1
2 from (52),
the larger the rate, too. In particular, when |fa| and |f ′a| with a = 1, 2 are given, faf ′a < 0,
i.e., when the two electric fluxes on one set of Dp branes are opposite in directions to their
correspondences on the other set, will give the largest ν0. When either
√
f 21 + f
2
2 → 1 or√
f ′21 + f
′2
2 → 1 or both, i.e., to their respective critical values, ν0 → ∞ and the rate W
blows up, the onset of pair production instability.
For very small ν0 ≪ 1, the rate (58) can be approximated by the first k = 0 term as
W ≈ 2
5 n1n2
√
(1− f 21 − f 22 )(1− f ′21 − f ′22 )
(8π2α′)
1+p
2
ν
p+1
2
0 e
− y
2
2piν0α
′ , (59)
where we have used (52) for ν0 ≪ 1. This rate is vanishing small and has no practical
physical significance. Note that when fa = f
′
a (now ν0 = 0), the rateW vanishes and this
is consistent with the underlying system being a 1/2 BPS stable one.
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Before we close this subsection, we would like to point out that the present open string
production (58) results from the virtual open string pair connecting the two sets of Dp
branes placed parallel at a separation under the action of the applied two electric fluxes
on each set. This is different from the open string pair production discussed in [14, 26] for
which the virtual open string pair with their ends attaching on the same branes, either
on D26 branes in the bosonic case or on the D9 branes in Type I case. If we really
want to draw the analog, their rate is the one on each isolated set of Dp branes carrying
electric flux(es). For the present case, this rate actually vanishes since the open strings
are neutral ones. This is also consist with the fact that each set of Dp branes carrying the
electric fluxes is actually 1/2 BPS stable non-threshold bound state (see footnote 8) and
therefore there should be no open string pair production. Note that the open string pair
production W (58) also vanishes when fa = f ′a (now ν0 = 0) and this is consistent with
the underlying system being a 1/2 BPS stable one, too. Further, unlike the amplitude and
the open string pair production given in [14, 26] or in [32] for which the electric flux(es)
is (are) along the same or opposite direction, the present ones are for the electric fluxes
in different direction, for example, the total electric flux in one set of Dp branes has in
general different magnitude and direction from that in the other set of Dp branes. So the
results in [32] is just a special case of the present ones when we take, say, f2 = f
′
2 = 0.
3.2 The electric-magnetic case
We now repeat the same process as in the previous subsection but having the Fˆ ′ and
Fˆ with the structure given in (36). As we will see, this case9 is more richer in physics
and has actually three subcases to consider. In particular, we find an open string pair
production enhancement which does not appear in the one-flux case considered previously
by the present author and his colloaborator in [17].
9 Note that each such Dp is also 1/2 BPS non-threshold bound state which can be obtained from, say,
1/2 BPS non-threshold bound state ((F, D0), D2) given in [8], by T-dualities along directions transverse
to this bound state. Here the F-string is along one of D2 directions.
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3.2.1 The interaction amplitude
So we have the flux Fˆ ′ on one set of the Dp branes and the flux Fˆ on the other set for
the present subcase, respectively, as
Fˆ ′ =


0 −f ′ 0 0 . . .
f ′ 0 −g′ 0 . . .
0 g′ 0 0 . . .
0 0 0 0 . . .
...
...
...
...
. . .


(1+p)×(1+p)
, Fˆ =


0 −f 0 0 . . .
f 0 −g 0 . . .
0 g 0 0 . . .
0 0 0 0 . . .
...
...
...
...
. . .


(1+p)×(1+p)
.
(60)
Following the same steps as in the previous subsection, we have the eigenvalues
λ0λ1λ2 = 1,
λ0 + λ1 + λ2 =
1
λ0
+
1
λ1
+
1
λ2
= λ1λ2 + λ0λ2 + λ0λ1
=
(1 + f 2 + g2)(1 + f ′2 + g′2) + (1 + f 2 − g2)(1 + f ′2 − g′2)
(1− f 2 + g2)(1− f ′2 + g′2)
+
(1− f 2 − g2)(1− f ′2 − g′2)− 8ff ′ + 8gg′ − 8ff ′gg′
(1− f 2 + g2)(1− f ′2 + g′2) . (61)
and λ3 = · · · = λp = 1. The zero-mode contribution (33) in the R-R sector to the
amplitude (32) in the present case can be evaluated as
0R〈B′, η′|B, η〉0R = − 2
4(1− ff ′ + gg′)√
(1− f 2 + g2)(1− f ′2 + g′2)δη
′η,+. (62)
Using (31) and (32) as well as (13), we can have the present total tree-level closed string
cylinder interaction amplitude as
Γ = ΓNSNS + ΓRR,
=
n1n2Vp+1
√
(1− f 2 + g2)(1− f ′2 + g′2)
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
[
|z|−1
(
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
)
− 2
4(1− ff ′ + gg′)√
(1− f 2 + g2)(1− f ′2 + g′2)
∞∏
n=1
Bn
]
, (63)
where An(±) and Bn are also given by (43) and (47), respectively, but for now
λ+ λ−1 = λ0 + λ1 + λ2 − 1,
= 2
(f − f ′)2 + (1− ff ′ + gg′)2 + (gf ′ − fg′)2 − (g − g′)2
(1− f 2 + g2)(1− f ′2 + g′2) . (64)
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By setting λ = e2piiν , we then have
cosπν =
1− ff ′ + gg′√
(1− f 2 + g2)(1− f ′2 + g′2) ,
sin πν =
√
(g − g′)2 − (f − f ′)2 − (gf ′ − fg′)2√
(1− f 2 + g2)(1− f ′2 + g′2) . (65)
With this, the above amplitude (63) can also be cast in terms of θ-functions and Dedekind
η-function as
Γ =
n1n2Vp+1
√
(g − g′)2 − (f − f ′)2 − (gf ′ − fg′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ
3
3(0|it)θ3(ν|it)− θ34(0|it)θ4(ν|it)− θ32(0|it)θ2(ν|it)
η9(it) θ1(ν|it) ,
=
2n1n2Vp+1
√
(g − g′)2 − (f − f ′)2 − (gf ′ − fg′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ41
(
ν
2
∣∣ it)
η9(it) θ1(ν|it) ,
=
24 n1n2Vp+1
√
(1− f 2 + g2)(1− f ′2 + g′2) sin4 piν
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
[1− 2|z|2n cosπν + |z|4n]4
(1− |z|2n)6 [1− 2|z|2n cos 2πν + |z|4n] , (66)
where in the second equality we have also used the identity (51) for various θ-functions,
in the last equality we have used the explicit expressions for the Dedekind η-function and
the θ1-function and again |z| = e−pit < 1.
For large y, the main contribution to the amplitude comes again from the large t
integration for which the infinite product can be approximated by 1. Then the integration
can be carried out and is finite for p < 7 as in the previous case. This gives Γ ∝
1/y7−p > 0, an attractive interaction as expected. For further analysis, we need to
consider the following three subcases: 1) (g−g′)2 ≥ (f −f ′)2+(gf ′−fg′)2; 2) (g−g′)2 <
(f − f ′)2 + (gf ′ − fg′)2 and 1− ff ′ + gg′ ≥ 0; 3) (g − g′)2 < (f − f ′)2 + (gf ′− fg′)2 and
1− ff ′ + gg′ < 0. We now consider each of these subcases in order.
Subcase 1): For this, we have from (65) that ν = ν ′0 is real and falls in the range of
0 < ν ′0 < 1. Also from this equation and from the last equality in (66), we have that
Γ = 0 gives ν = ν ′0 = 0, implying 1 − ff ′ + gg′ =
√
(1− f 2 + g2)(1− f ′2 + g′2) > 0.
For ν ′0 6= 0, every factor in the integrand in the last equality of (66) is positive, therefore
the interaction is attractive, resembling a pure magnetic case. For this reason, we expect
to see an open string tachyon to appear at small brane separation. For this, we need to
re-express the amplitude as the open string annulus one via the Jacobi transformation
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t → t′ = 1/t. Using (55), the open string annulus amplitude can be obtained from the
second equality of (66) as
Γ =
2n1n2Vp+1
√
(g − g′)2 − (f − f ′)2 − (gf ′ − fg′)2
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
1+p
2
e−
y2t′
2piα′ θ41
(
−iν′0t
′
2
∣∣∣ it′)
η9(it′) θ1(−iν ′0t′|it′)
,
=
24 n1n2Vp+1
√
(g − g′)2 − (f − f ′)2 − (gf ′ − fg′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
1+p
2
e−
y2t
2piα′
sinh4
piν′0t
2
sinh πν ′0t
,
×
∞∏
n=1
(1− 2|z|2n cosh πν ′0t + |z|4n)4
(1− |z|2n)6 (1− 2|z|2n cosh 2πν ′0t + |z|4n)
, (67)
where in the second equality we have dropped the prime on t and again |z| = e−pit <
1. Each factor in the above integrand is also positive for t > 0, noting that (1 −
2|z|2n cosh 2πν ′0t + |z|4n) = (1 − e−2pi(n−ν′0)t)(1 − e−2pi(n+ν′0)t) > 0 for n ≥ 1. This again
gives Γ > 0. The integrand has no simple poles along the positive t-axis as expected. For
large t (corresponding to small y), we have
lim
t→∞
sinh4
piν′0t
2
sinh πν ′0t
∞∏
n=1
(1− 2|z|2n cosh πν ′0t+ |z|4n)4
(1− |z|2n)6 (1− 2|z|2n cosh 2πν ′0t+ |z|4n)
→ epiν′0t →∞, (68)
implying the appearance of an open string tachyon mode as expected [27, 28]. The
tachyonic instability will be onset and the tachyon condensation will occur when y ≤
π
√
2να′ [29, 30].
Subcase 2): For this case, we have ν = iν0 with 0 < ν0 <∞. Now (65) becomes
cosh πν0 =
1− ff ′ + gg′√
(1− f 2 + g2)(1− f ′2 + g′2) ,
sinh πν0 =
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2√
(1− f 2 + g2)(1− f ′2 + g′2) . (69)
For this case, the effect of electric-fluxes dominates over that of magnetic ones. The
amplitude from (66) is now
Γ =
2 i n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ41
(
iν0
2
∣∣ it)
η9(it) θ1(iν0|it) ,
=
24 n1n2Vp+1
√
(1− f 2 + g2)(1− f ′2 + g′2) sinh4 piν0
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−9
2
e−
y2
2piα′t
×
∞∏
n=1
[1− 2|z|2n cosh πν0 + |z|4n]4
(1− |z|2n)6 [1− 2|z|2n cosh 2πν0 + |z|4n] . (70)
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For large y, once again only large t-integration is important and this gives the finite am-
plitude Γ ∝ 1/y7−p > 0 for p < 7, which is attractive. For small y, the small t-integration
can be important. Then the factor (1 − 2|z|2n cosh 2πν0 + |z|4n) in the denominator of
the infinite product in the integrand can become negative and this makes the sign of the
amplitude indefinte. Our experience tells that this signals new physics, i.e., the open
string pair production, to occur. For this to be manifest, we need to pass the above
tree-level closed string cylinder amplitude to the open string annulus one via the Jacobi
transformation t→ t′ = 1/t. For this, we also need to use the relations for the Dedekind
η-function and the θ1-functions (55). We then have
Γ =
2 i n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
1+p
2
e−
y2t′
2piα′ θ41
(
ν0t′
2
∣∣ it′)
η9(it′) θ1(ν0t′|it′) ,
=
24 n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
1+p
2
e−
y2t
2piα′
sin4 piν0t
2
sin πν0t
,
×
∞∏
n=1
(1− 2|z|2n cosπν0t + |z|4n)4
(1− |z|2n)6 (1− 2|z|2n cos 2πν0t + |z|4n) , (71)
where in the second equality we have dropped the prime on t and here |z| = e−pit < 1.
Apart from the overall factor [(f − f ′)2 + (gf ′− fg′)2− (g− g′)2]1/2, the integrand in the
second equality of (71) looks identical to that in (56). So the physics is the same. For
example, we have also an infinite number of simple poles of the integrand occurring at
tk = (2k + 1)/ν0 with k = 0, 1, · · · and the open string pair production rate is
W = −2 ImΓ
Vp+1
,
=
25 n1n2 [(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2]
1
2
ν0 (8π2α′)
1+p
2
∞∑
k=0
(
ν0
2k + 1
) p+1
2
e
−
(2k+1)y2
2piν0α
′
×
∞∏
n=1
(
1 + e
− 2n(2k+1)pi
ν0
1− e− 2n(2k+1)piν0
)8
. (72)
For small ν0 ≪ 1, the above rate can be approximated by the leading k = 0 term as
W ≈ 2
5 n1n2
√
(1− f 2 + g2)(1− f ′2 + g′2)
(8π2α′)
1+p
2
ν
p+1
2
0 e
− y
2
2piν0α
′ , (73)
where we have used (69) for small ν0. The only difference here from its counterpart in (59)
is that the magnetic fluxes appear to give some enhancement of this rate. The discussion
about the production rate goes also the same as in the electric-electric case and will not
repeat it here.
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Subcase 3): This is the case which gives the open string pair production a significant
enhancement and has not been seen previously, for example, as in the one-flux case [17].
For this case, ν = 1− iν0 with 0 < ν0 <∞. We then have from (65)
cosh πν0 = − 1− ff
′ + gg′√
(1− f 2 + g2)(1− f ′2 + g′2) ,
sinh πν0 =
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2√
(1− f 2 + g2)(1− f ′2 + g′2) . (74)
The amplitude (66) in the second and third equalities, respectively, becomes now
Γ =
2 i n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ42
(
iν0
2
∣∣ it)
η9(it) θ1(iν0|it) ,
=
24 n1n2Vp+1
√
(1− f 2 + g2)(1− f ′2 + g′2) cosh4 piν0
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
[1 + 2|z|2n cosπν0 + |z|4n]4
(1− |z|2n)6 [1− 2|z|2n cosh 2πν0 + |z|4n] , (75)
where in obtaining the first equality from the second equality of (66) we have used the
identities θ1(1 + ν|τ) = −θ1(ν|τ) = θ1(−ν|τ) and θ1(1+ν2 |τ) = θ2(ν2 |τ). As in the previous
cases, the large y amplitude gives an attractive interaction for p < 7. For small y, we
need to pass this amplitude to the open string annulus one via the Jacobi transformation
t→ t′ = 1/t. Here in addition to the relations given in (55) for the Dedekind η-function
and the θ1-function, we need also the following for θ2-function as
θ2(ν|τ) = 1
(−iτ)1/2 e
−ipiν2/τθ4
(
ν
τ
∣∣∣− 1
τ
)
. (76)
The open string annulus amplitude is then
Γ =
2n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
1+p
2
e−
y2t′
2piα′ θ44
(
ν0t′
2
∣∣ it′)
η9(it′) θ1(ν0t′|it′) ,
=
n1n2Vp+1
√
(f − f ′)2 + (gf ′ − fg′)2 − (g − g′)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
1+p
2
e−
y2t
2piα′
epit
sin πν0t
×
∞∏
n=1
[
1− 2|z|2n−1 cosπν0t + |z|2(2n−1)
]4
(1− |z|2n)6 (1− 2|z|2n cos 2πν0t+ |z|4n) , (77)
where in the second equality we have dropped the prime on t and again |z| = e−pit < 1.
There are two dramatic differences from the previous subcase (71): 1) The integrand has a
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factor sin πν0t in its denominator but without the presence of sin
4 πν0t/2 in the numerator.
This sin πν0t factor gives then an infinite number of simple poles of the integrand along
the positive t-axis at
tk =
k
ν0
, with k = 1, 2, · · · . (78)
2) There is an extra exponential factor epit in the integrand which indicates an open string
tachyon mode and the onset of tachyonic instability will occur when y ≤ π√2α′. These
two features are precisely the ones for which one will see when each set of Dp branes
carries an electric flux and a magnetic one but the two do not share a common field
strength index. We will discuss this in the following section.
Our previous examples already show that the electric flux(es) are responsible for the
open string pair production while the magnetic one(s) are for the open string tachyon
mode. Then the question is how to understand the appearance of the open string tachyon
mode in the present subcase. The simplest is to note that our original ν-parameter is
given as ν = 1 − iν0, which is complex. The real part ‘1′, which is due to magnetic
fluxes, actually gives rise to the factor epit, therefore the open string tachyon mode. Let
us trace this. Note that 1− ff ′ + gg′ < 0 along with (g − g′)2 < (f − f ′)2 + (gf ′ − fg′)2
gives ν = 1 − iν0. However, the real part ‘1′ is precisely due to 1 − ff ′ + gg′ < 0. In
the one-flux case considered in [17], we have either f 6= 0, g = 0, f ′ = 0, g′ 6= 0 or the
other way around, then 1 − ff ′ + gg′ = 1 which can never be less than zero. Therefore
this is consistent with what had been found there. That 1 − ff ′ + gg′ < 0 can hold
is precisely due to the presence of the magnetic flux(es). If both g = g′ = 0, then
1 − ff ′ + gg′ < 0 would imply 1 < ff ′ which cannot be true since from 1 − f 2 > 0 and
1 − f ′2 > 0 we can have f 2f ′2 < 1. Let us now assume one of them being zero, say,
g′ = 0. We then still need ff ′ > 1 from 1 − ff ′ + gg′ < 0. From 1 − f 2 + g2 > 0 and
1 − f ′2 > 0, we have |ff ′| <
√
1 + g2 which can be consistent with ff ′ > 1. In this
case, all we need is to have 1 < ff ′ <
√
1 + g2. If both g and g′ are non-zero, we have
ff ′ > 1 + gg′ from 1 − ff ′ + gg′ < 0. From 1 − f 2 + g2 > 0 and 1 − f ′2 + g′2 > 0,
we have |ff ′| < √(1 + g2)(1 + g′2). If ff ′ < 0, we then have |ff ′| < |1 + gg′| which
can be consistent with |ff ′| <
√
(1 + g2)(1 + g′2) since
√
(1 + g2)(1 + g′2) > |1 + gg′|. If
ff ′ > 0, then all we need is 1 + gg′ < ff ′ <
√
(1 + g2)(1 + g′2). In other words, so long
there is a magnetic flux present, 1 − ff ′ + gg′ < 0 can hold, which gives rise to the real
part ‘1′ in ν = 1− iν0, therefore the open string tachyon mode.
As before, the simple poles (78) give rise to the open string pair production at each of
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them and the pair production rate can be calculated, by the same token, to be
W = −2ImΓ
Vp+1
,
=
2n1n2 [(f − f ′)2 + (fg′ − gf ′)2 − (g − g′)2]
1
2
ν0 (8π2α′)
1+p
2
∞∑
k=1
(−)k−1
(ν0
k
) 1+p
2
e
−
k(y2−2pi2α′)
2piν0α
′
×
∞∏
n=1
(
1− (−)ke− (2n−1)kpiν0
1− e− 2nkpiν0
)8
. (79)
For large ν0, the discussion goes the same as before and we will not repeat it here. Our
focus here is on ν0 ≪ 1 and we will see the first example of rate enhancement discussed
in the present paper. When ν0 ≪ 1, the rate can be approximated by the leading k = 1
term as
W ≈ 2πn1n2
√
(1− f 2 + g2)(1− f ′2 + g′2)
(8π2α′)
1+p
2
ν
1+p
2
0 e
− y
2−2pi2α′
2piν0α
′ . (80)
We now compare the present pair production rate with the one given in (72). For this,
we assume the same ν0 in both cases and also the same
√
(1− f 2 + g2)(1− f ′2 + g′2)
factor10. Then the present rate over the previous one gives a factor epi/ν0/8, which can be
very large for ν0 ≪ 1, a great enhancement. Note that the smallest p = 2 gives the largest
rate when the fluxes are the same. For separation y = π
√
2α′ +∆
√
α′ with ∆ ≪ √2 ν0,
the rate (80) is
(2πα′)
1+p
2 W ≈ 2πn1n2
√
(1 + a2)(1 + a′2)
(4π)
1+p
2
ν
1+p
2
0 , (81)
where we have expressed f, g and f ′, g′ in terms of their respective a, θ and a′, θ′ as given
in footnote (10). For small ν0, since both |a| and |a′| with aa′ < 0 can still take large
values, so this rate can still be large.
In summary, we have learned for various systems considered in this section that the
electric flux gives rise to the open string pair production while the magnetic one gives
rise to a tachyon mode, which can have the onset of tachyon instability when the brane
10There is no problem with this assumption. For checking this easily, we set f = a sinh θ, g = a cosh θ
and f ′ = a′ sinh θ′, g′ = a′ cosh θ′ from the conditions 1− f2 + g2 > 0 and 1− f ′2 + g′2 > 0, respectively,
for the former subcase. For the present subcase, we use a bar on each of them to make a distinction
in notations. Then the assumption gives two conditions: a2 + a′2 + a2a′2 = a¯2 + a¯′2 + a¯2a¯′2 and 2 =
−aa′ cosh(θ−θ′)− a¯a¯′ cosh(θ¯− θ¯′). For the former case, coshπν0 > 1 from (69) gives 1+aa′ cosh(θ−θ′) >√
(1 + a2)(1 + a′2) which implies aa′ > 0. By the same token, the present subcase from (74) gives
−a¯a¯′ cosh(θ¯ − θ¯′) > 1 +
√
(1 + a¯2)(1 + a¯′2) > 2 which implies a¯a¯′ < 0. If we set a¯ = a, a¯′ = −a′,
for example, the above first equation is satisfied. The second one can also be satisfied by choosing
θ¯ − θ¯′ = cosh−1(2/aa′ + cosh(θ − θ′)) since −a¯a¯′ cosh(θ¯ − θ¯′) = aa′ cosh(θ¯ − θ¯′) > 2.
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separation is small, in terms of the open string annulus diagram description. In the case
of one electric flux and one magnetic one carrying by each set of Dp-branes considered
in this section, when the two fluxes satisfy certain relations specified in the subcase 3) in
subsection 3.2, we find that the open string pair production can be significantly enhanced
and this may have a potential realistic application which we will discuss in the discussion
and conclusion section.
The rate enhancement found in subcase 3 is due to the sign change of 1 − ff ′ + gg′
from positive to negative in comparison to the subcase 2 in subsection 3.2. So we have
the sign change of the R-R contribution to the amplitude and this appears to be like the
brane/anti-brane system against brane/brane system in spirit. The following discussion
indicates that this is not the case. This sign change of 1− ff ′+ gg′ is entirely due to the
added electric and magnetic fluxes and the original two sets of Dp branes are not changed
at all (just two sets of Dp branes, not one set of Dp and one set of anti-Dp). As stressed
in subcase 3, in addition to the electric flux f on one set of Dp and the electric flux f ′ on
the other set of Dp, we have to have at least one magnetic flux present on one of the two
sets of Dp branes to have the enhancement to occur. As discussed in subcase 3, we can set
g′ = 0 but keep g 6= 0. Given |f | <
√
1 + g2 and |f ′| < 1, we can have 1 < ff ′ <
√
1 + g2
for which the two electric fluxes point to the same direction and now 1 − ff ′ + gg′ < 0.
As mentioned in footnote 2 of this paper, it is well-known that a constant worldvolume
electric flux stands for the fundamental string while a constant magnetic flux stands for
a D(p− 2) brane inside the Dp brane. Given these, the Dp carrying the constant electric
flux f ′ stands for a 1/2 BPS non-threshold bound state (F, Dp) while the one carrying
the constant electric flux f and the magnetic flux g stands for a 1/2 BPS non-threshold
bound state ((F, D(p - 2)), Dp) as mentioned in footnote 9. The Dp in (F, Dp) is identical
to the Dp in ((F, D(p -2)), Dp) and if we restrict ff ′ > 0, the F in (F, Dp) points to the
same direction as the F in ((F, D(p -2)), Dp). If we keep fixed both f ′ and g, we have the
subcase 2 if 0 < ff ′ < 1 for which 1−ff ′ > 0 and the subcase 3 if 1 < ff ′ <
√
1 + g2 for
which 1 − ff ′ < 0. The two subcases differ only by the change of the magnitude of the
electric flux f and in either case the ((F,D(p−2)), Dp) bound state is not the anti-system
of (F, Dp) in the usual sense. The sign change of R-R amplitude is due to the combined
result of interactions of constituent branes in the two bound states. The present system
has the advantage over the brane/anti-brane one in that it has a minor instability rather
than highly unstable and as such the enhanced open string pair production can have the
potential to be detected by an observer living on set of the branes.
We would like to stress that the open string pair production as well as its enhancement
and the tachyon mode are due to the open strings connecting the two sets of the Dp branes,
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not the ones with their both ends on the same set of Dp branes. Since each set of the Dp
branes with fluxes by themselves are still 1/2 BPS, we don’t expect each set as an isolated
system to have the open string pair production to occur even when the flux(es) they carry
are electric. This is also consistent with the fact that there is no pair production for
neutral open string [14, 15]. In the following section, we will provide more evidence to
support what has been found in this section when each set of Dp branes carry two fluxes
with structures different from what has been considered in this section.
4 The 8 ≥ p ≥ 3 case
In this section, we will address the same issues as in the previous one but with the following
flux structures,
Fˆ =


0 −f 0 0 0 . . .
f 0 0 0 0 . . .
0 0 0 −g 0 . . .
0 0 g 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...
. . .


(1+p)×(1+p)
, (82)
or
Fˆ =


0 0 0 0 0 . . .
0 0 −g1 0 0 . . .
0 g1 0 −g2 0 . . .
0 0 g2 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...
. . .


(1+p)×(1+p)
. (83)
So we will also have two subcases to consider. In the first subcase, we have the electric
flux Fˆ01 = −Fˆ10 = −f and the magnetic flux Fˆ23 = −Fˆ32 = −g with the rest vanishing.
The two non-vanishing fluxes do not share a common field strength index. While for the
second subcase, we have two magnetic fluxes: the magnetic flux Fˆ12 = −Fˆ21 = −g1 and
the other magnetic one Fˆ23 = −Fˆ32 = −g2. These two magnetic fluxes share a common
field strength index ‘2′. In what follows, we will consider each in order.
4.1 The electric-magnetic case
We consider the first subcase with two fluxes: one electric and the other magnetic. The
p = 3 case has already been studied in a recent paper [31] by the present author. We here
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discuss the general p for 3 ≤ p ≤ 8. Specifically, we have one set of Dp branes carrying
the flux Fˆ ′ and the other carrying the flux Fˆ as
Fˆ ′ =


0 −f ′ 0 0 0 . . .
f ′ 0 0 0 0 . . .
0 0 0 −g′ 0 . . .
0 0 g′ 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...


, Fˆ =


0 −f 0 0 0 . . .
f 0 0 0 0 . . .
0 0 0 −g 0 . . .
0 0 g 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...
. . .


, (84)
where both of them are (1 + p)× (1 + p) matrices. With them, as before, the eigenvalues
can be determined to be
λ+ λ−1 = 2
(1 + f 2)(1 + f ′2)− 4ff ′
(1− f 2)(1− f ′2) ,
λ′ + λ′−1 = 2
(1− g2)(1− g′2) + 4gg′
(1 + g2)(1 + g′2)
, (85)
where we have set λ0 = λ, λ1 = λ
−1, λ2 = λ
′, λ3 = λ
′−1 and λ4 = · · · = λp = 1. The
matrix element for zero-mode in the R-R sector can also be determined to be
0R〈B′, η′|B, η〉0R = − 2
4 (1− ff ′)(1 + gg′)√
(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)δη
′η,+. (86)
With these, we have, from (31),
ΓNSNS(η
′η) =
n1n2Vp+1 [(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
∞∏
n=1
An(ηη′),
(87)
where we have defined
An(ηη′) =
(
1 + η′η|z|2n−1
1− |z|2n
)4
(1 + η′η λ|z|2n−1)(1 + η′η λ−1|z|2n−1)
(1− λ|z|2n)(1− λ−1|z|2n)
×(1 + η
′η λ′|z|2n−1)(1 + η′η λ′−1|z|2n−1)
(1− λ′|z|2n)(1− λ′−1|z|2n) , (88)
in the NS-NS sector while in the R-R sector, we have, from (32),
ΓRR(η
′η) = −2
4 n1n2Vp+1, (1− ff ′)(1 + gg′)
(8π2α′)
1+p
2
δηη′,+
∫ ∞
0
dt
t
9−9
2
e−
y2
2piα′t
∞∏
n=1
Bn, (89)
where we have used (86) for the zero-mode matrix element and
Bn =
(
1 + |z|2n
1− |z|2n
)4
(1 + λ|z|2n)(1 + λ−1|z|2n)(1 + λ′|z|2n)(1 + λ′−1|z|2n)
(1− λ|z|2n)(1− λ−1|z|2n)(1− λ′|z|2n)(1− λ′−1|z|2n) . (90)
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So the GSO projected amplitude in the NS-NS sector is
ΓNSNS =
1
2
[ΓNSNS(+)− ΓNSNS(−)] ,
=
n1n2Vp+1 [(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)]
1
2
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
[
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
]
, (91)
while the GSO projected amplitude in the R-R sector is
ΓRR =
1
2
[ΓRR(+) + ΓRR(−)] ,
= −2
3 n1n2Vp+1, (1− ff ′)(1 + gg′)
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
∞∏
n=1
Bn. (92)
We have then the total amplitude
Γ = ΓNSNS + ΓRR
=
n1n2Vp+1 [(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)]
1
2
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
[
|z|−1
(
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
)
− 2
4 (1− ff ′)(1 + gg′)√
(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)
∞∏
n=1
Bn
]
,
(93)
where An(±) and Bn are defined in (88) and (90), respectively. Let us try to express this
amplitude in terms of various θ-functions and the Dedekind η-function. For this, let us
define,
λ = e2piiν , λ′ = e2piiν
′
. (94)
Using (85), we have
cosh πν0 =
1− ff ′√
(1− f 2)(1− f ′2) , sinh πν0 =
|f − f ′|√
(1− f 2)(1− f ′2) ,
cosπν ′0 =
1 + gg′√
(1 + g2)(1 + g′2)
, sin πν ′0 =
|g − g′|√
(1 + g2)(1 + g′2)
, (95)
where we have defined ν = iν0 with 0 < ν0 <∞ and ν ′ = ν ′0 with 0 < ν ′0 < 1. Note that
when either f or f ′ reaches its critical value11 of unity, ν0 → ∞. With these, the total
11When both reach their critical values, we can set f = ±1 ∓ ǫ, f ′ = ±1 ∓ ǫ′ with ǫ → 0 and ǫ′ → 0
and ν0 →∞ if ǫ/ǫ′ → 0 or∞.
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amplitude (93) can be expressed as
Γ =
2 i n1n2Vp+1|f − f ′||g − g′|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ
2
3(0|it)θ3(ν|it)θ3(ν ′|it)− θ24(0|it)θ4(ν|it)θ4(ν ′|it)− θ22(0|it)θ2(ν|it)θ2(ν ′|it)
η6(it)θ1(ν|it)θ1(ν ′|it) ,
=
22 i n1n2Vp+1|f − f ′||g − g′|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
θ21
(
ν−ν′
2
∣∣ it) θ21 ( ν+ν′2 ∣∣ it)
η6(it)θ1(ν|it)θ1(ν ′|it) , (96)
where in the last equality we have used the following identity
2θ21
(
ν − ν ′
2
∣∣∣∣ τ
)
θ21
(
ν + ν ′
2
∣∣∣∣ τ
)
= θ23(0|τ)θ3(ν|τ)θ3(ν ′|τ)− θ24(0|τ)θ4(ν|τ)θ4(ν ′|τ)
−θ22(0|τ)θ22(ν|τ)θ22(ν ′|τ), (97)
which is again a special case of more general identity given in [25]. We can now set ν = iν0
and ν ′ = ν ′0 in the last equality of (96) and use the explicitt expressions for the θ1 function
and the Dedekind η function to have
Γ =
22n1n2Vp+1[(1− f 2)(1− f ′2)(1 + g2)(1 + g′2)] 12
(8π2α′)
1+p
2 (cosh πν0 − cosπν ′0)−2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
[(1− 2|z|2ne−piν0 cosπν ′0 + e−2piν0|z|4n)(1− 2|z|2nepiν0 cos πν ′0 + e2piν0 |z|4n)]2
(1− |z|2n)4 [1− 2|z|2n cosh 2πν0 + |z|4n] [1− 2|z|2n cosπν ′0 + |z|4n]
.
(98)
For large brane separation y, this amplitude gives a finite positive one Γ ∝ 1/y7−p > 0
for p < 7, implying an attractive interaction, as expected. As can be seen, Γ = 0 only if
cosh πν0 − cosπν ′ = 0 whose only solution is ν0 = ν ′0 = 0. This gives f = f ′, g = g′ and
the underlying system is still a 1/2 BPS state.
For small brane separation y, we expect also the open string pair production to occur
since we have an electric flux present and the best description is in terms of the open
string annulus variable which can be obtained via the Jacobi transformation t→ t′ = 1/t.
Using the relations (55) for the θ1-function and the Dedekind η-function, we have the
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open string annulus amplitude from the second equality in (96) as
Γ =
22 i n1n2Vp+1|f − f ′||g − g′|
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
p−1
2
e−
y2t′
2piα′
θ21
(
ν0+iν′0
2
t′
∣∣∣ it′) θ21 ( ν0−iν′02 t′∣∣∣ it′)
η6(it′)θ1(ν0t′|it′)θ1(iν ′0t′|it′)
,
=
22 n1n2Vp+1|f − f ′||g − g′|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
p−1
2
e−
y2t
2piα′
(cosh πν ′0t− cosπν0t)2
sin πν0t sinh πν ′0t
×
∞∏
n=1
[
(1− 2|z|2ne−piν′0t cosπν0t + |z|4ne−2piν′0t)(1− 2|z|2nepiν′0t cosπν0t + |z|4ne2ν′0t)
]2
(1− |z|2n)6 (1− 2|z|2n cos 2πν0t+ |z|4n) (1− 2|z|2n cosh 2πν ′0t+ |z|4n)
,
(99)
where we have set ν = iν0, ν
′ = ν ′0 and in the second equality we have dropped the prime
on t and |z| = e−pit < 1. Let us examine the behavior of the integrand in the second
equality above. The integrand has the following divergent behavior
lim
t→∞
e−
y2t
2piα′
(cosh πν ′0t− cosπν0t)2
sinh πν ′0t
∼ lim
t→∞
e−
(y2−2pi2ν′0α
′)t
2piα′ →∞, (100)
if y < π
√
2ν ′0α
′, signaling the onset of tachyonic instability [30, 29]. The appearance of
the exponential growing factor epiν
′
0t for large t in the integrand indicates the existence of
an open string tachyon mode which is due to the magnetic fluxes. This integrand blows
up also when the factor sin πν0t in the denominator vanishes along the positive t-axis at
tk =
k
ν0
, k = 1, 2, · · · . (101)
This blowing-up behavior actually gives rise to new physics at each of the infinite number
of simple poles, indicating the production of an open string pair under the action of
electric fluxes applied. This implies that the amplitude has an imaginary part. The pair
production rate per unit Dp-brane worldvolume is the imaginary part of the amplitude,
which can be obtained as the sum of the residues of the poles of the integrand in (99)
times π following [14, 26] and is given as
W = −2 ImΓ
Vp+1
,
=
8n1n2|f − f ′||g − g′|
(8π2α′)
1+p
2
∞∑
k=1
(−)k−1
(ν0
k
) p−3
2
[
cosh
pikν′0
ν0
− (−)k
]2
k sinh
pikν′0
ν0
e
− k y
2
2piα′ν0
×
∞∏
n=1
[
1− (−)k e− 2nkpiν0 (1−
ν′0
2n
)
]4 [
1− (−)k e− 2nkpiν0 (1+
ν′0
2n
)
]4
(
1− e− 2nkpiν0
)6 [
1− e− 2nkpiν0 (1−ν′0/n)
] [
1− e− 2nkpiν0 (1+ν′0/n)
] . (102)
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We now discuss certain properties of this rate. First the odd k gives a positive contribution
to the rate while the even k gives a negative one. The k = 1 gives the leading positive
contribution to the rate. For given fluxes (therefore also ν0 and ν
′
0), the larger the brane
separation y is, the larger the mass of the created open string (the string tension times
the brane separation) is. Moreover for given y, the larger the k is, the larger the string
tension (k times the fundamental string tension) is and so also the larger the mass is.
Either case implies more difficulty to produce the open string pair. This is reflected by
the exponentially suppressed factor exp[−k y2/(2πα′ν0)] in the rate (102). Note that this
rate appears valid only for y > π
√
2ν ′0α
′ since the term for large k would diverge, due to
the open string tachyon mode mentioned in (100). Now for fixed k and y, the parameters
ν0 and ν
′
0 can be re-expressed from (95) as
tanh πν0 =
|f − f ′|
1− ff ′ , tan πν
′
0 =
|g − g′|
1 + gg′
. (103)
Note that 0 < ν0 < ∞ and |f |, |f ′| < 1. From the above, we can see that the larger |f |
and |f ′| with f 6= f ′ are, the larger ν0 is. This is particularly true if ff ′ < 0. Moreover,
when either |f | or |f ′| reaches its critical value of unity, ν0 →∞. When both reach their
critical values but with ff ′ < 0, ν0 →∞. When both reach their critical values but with
ff ′ > 0, we can set f = ±1∓ǫ and f ′ = ±1∓ǫ′ with both ǫ→ 0+, ǫ′ → 0+. For this case,
ν0 →∞ only if ǫ/ǫ′ → 0 or∞. For magnetic fluxes, we have 0 < ν ′0 < 1 and |g|, |g′| <∞.
When both |g| and |g′| are very small or very large with gg′ > 0, ν ′0 → 0. When both
are very large but with gg′ < 0, ν ′0 → 1. So we have 0 < ν ′0 < 1/2 for −1 < gg′ < ∞,
ν ′0 = 1/2 for gg
′ = −1 and 1/2 < ν ′0 < 1 for −∞ < gg′ < −1. The rate will be larger if
we have a larger ν ′0 and a larger |g − g′|. When gg′ < 0, the larger both |g| and |g′| are,
the larger ν ′0 (1/2 < ν
′
0 < 1) and |g − g′| are. With respect to the above fluxes, we have
three cases to consider,
Case I :
ν ′0
ν0
≪ 1, Case II : ν
′
0
ν0
∼ O(1), Case III : ν
′
0
ν0
≫ 1. (104)
We here discuss each of them in order.
Case I: Unless both |g| and |g′| are12 very small or very large but with gg′ > 0, we have
in general ν ′0 ∼ O(1). This case requires a large ν0, therefore large electric fluxes |f | and
|f ′| with f 6= f ′. From (102), it is clear that the larger the ν0 is, the larger each term in
the sum and so the larger the rate is. Here each odd k term gives a larger positive contri-
bution while each even k term gives also a larger but almost vanishing contribution to the
12When both |g| and |g′| are very small or very large but with gg′ > 0, Case I needs only a finite ν0 to
hold. We will not discuss this situation since it will not give an interesting and useful rate unless |g− g′|
is very large for the latter.
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rate (note that the even k term is in general negative). This is expected. In particular,
for any of the cases discussed above with the critical electric flux or fluxes and ν0 → ∞,
the rate blows up, giving the onset of pair production instability.
Case II: This case says ν0 ∼ O(ν ′0) ∼ O(1) and the only possible enhancement of the
rate is due to the factor |g − g′|. For a small |g − g′|, the rate is small too. For a large
|g − g′|, the rate can be significant for a small brane separation but is still small for a
large brane separation.
Case III: This case must imply that ν0 ≪ 1 since13 0 < ν ′0 < 1. One in general would
expect a vanishing small rate as the pure electric flux case given in [32] by the present
author and his collaborators. It turns out that the story here is quite different and the
added magnetic fluxes give an exponential enhancement of the rate via the tachyon mode
discussed earlier. A special p = 3 case has been reported recently by the present author in
[31]. The simplified one-flux case was also given a while ago by the present author and his
collaborator in [17]. We here give a discussion for a general p and with fixed two fluxes,
one electric and one magnetic, on each set of Dp branes, with the given requirement. In
other words, we have here fixed ν ′0 6= 0 and ν0 6= 0 with ν ′0/ν0 ≫ 1. With a very small
ν0, the infinite product for each k in the sum in (102) can be approximated as unity.
Moreover with ν ′0/ν0 ≫ 1, we can approximate the rate (102) as
W(ν ′0 6= 0) =
8n1n2|f − f ′||g − g′|
(8π2α′)
1+p
2
∞∑
k=1
(−)k−1 1
k
(ν0
k
) p−3
2
e
− k y
2
2piα′ν0 e
kpiν′0
ν0 , (105)
where the exponentially large factor exp(kπν ′0/ν0) is due to the open string tachyon mode
discussed in (100). Let us compare this rate, for the same small ν0, with the one without
the presence of magnetic fluxes (i.e. g, g′ = 0 and ν ′0 = 0) as given in [32]
14 as
W(ν ′0 = 0) ≈
32n1n2|f − f ′| ν0
(8π2α′)
1+p
2
∞∑
l=1
(
ν0
2l − 1
) p−3
2 1
(2l − 1)2 e
−
(2l−1)y2
2piα′ν0 , (106)
where we have set k = 2l− 1 and the even k doesn’t contribute to this rate. So it is clear
for each odd k = 2l − 1, there is a greatly enhanced factor
W l(ν ′0 6= 0)
W l(ν ′0 = 0)
=
(2l − 1)|g − g′|e(2l−1)piν′0/ν0
4ν0
, (107)
13We here assume that ν′
0
is fixed in the range of 0 < ν′
0
< 1, not considering the case of ν′
0
→ 0.
14This can also be obtained from (102) by setting g, g′, ν′0 → 0.
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where the superscript ‘l’ denotes the l-th term in the corresponding rate summation. For
small enough ν0 and reasonable large ν
′
0, this enhancement can be very significant. Now
the corresponding rate can be approximated by the leading k = 1 or l = 1 term and the
enhancement is
W(ν ′0 6= 0)
W(ν ′0 = 0)
=
|g − g′|epiν′0/ν0
4ν0
. (108)
Let us make the same sample numerical estimation of this enhancement as in [31] for
p = 3 to demonstrate its significance. It has a value of 3.2 × 1035, a very significant
enhancement, for ν0 = 0.02, ν
′
0 = 0.5. This can be achieved using (95) via a moderate
choice of g1 = −g2 = 1 (noting |ga| < ∞) and f1 = 0.2 with f2 = f1 − ǫ and |f1 − f2| =
|ǫ| ≈ πν0(1 − f 21 ) = 0.06 ≪ 1. In spite of this, in order to be physically significant, the
rate itself in string units needs to be large enough, not merely the enhancement factor.
The rate in string units for the above sample case can be estimated to be
(2πα′)
1+p
2 W(ν ′0 = 0.5) ≈
n1n2|f − f ′||g − g′|
2π2
( ν0
4π
)p−3
2
e
−
y2−2pi2α′ν′0
2piα′ν0
≈ 0.61 (0.04)p−3 e− y
2−pi2α′
0.04piα′ , (109)
with a typical choice of n1 = n2 = 10. As discussed in [31], the rate for p = 3 is the
largest and the rate for p > 3 is at least smaller by a factor of (ν0/4π)
1/2 ≈ 0.04, i.e.
two orders of magnitude smaller, for the sample case considered. For p = 3, this rate
(2πα′)2W(ν ′0 = 0.5) = 0.61, quite significant, at y = π
√
α′ + 0+ ≈ π√α′ , a few times
of string scale and before the onset of tachyon condensation, but decreases exponentially
with the separation square y2 for y > π
√
α′. For example, the rate becomes half of its
maximal value at y − π√α′ ≈ 0.01√α′, just 1% of the string scale. We will come back
to discuss the significance, implications and potential applications of this enhanced pair
production rate later in section 6. For now, we move to the second subcase in this section.
4.2 The magnetic-magnetic case
We consider the second subcase as given in (83) with two fluxes, both magnetic, for
3 ≤ p ≤ 8. Specifically, we have one set of Dp branes carrying the flux Fˆ ′ and the other
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set carrying the flux Fˆ as
Fˆ ′ =


0 0 0 0 0 . . .
0 0 −g′1 0 0 . . .
0 g′1 0 −g′2 0 . . .
0 0 g′2 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...
. . .


, Fˆ =


0 0 0 0 0 . . .
0 0 −g1 0 0 . . .
0 g1 0 −g2 0 . . .
0 0 g2 0 0 . . .
0 0 0 0 0 . . .
...
...
...
...
...
. . .


, (110)
where both matrices are (1+ p)× (1+ p). With them, following the same steps as before,
we have the eigenvalues
λ1λ2λ3 = 1,
λ1 + λ2 + λ3 =
1
λ1
+
1
λ2
+
1
λ3
= λ2λ3 + λ1λ3 + λ1λ2,
=
3(1 + g′1g1 + g
′
2g2)
2 − (g′1 − g1)2 − (g′2 − g2)2 − (g′1g2 − g′2g1)2
(1 + g′21 + g
′2
2 )(1 + g
2
1 + g
2
2)
,(111)
and λ0 = λ4 = · · · = λp = 1. The zero-mode matrix element (33) for the present case in
the R-R sector can be determined to be
0R〈B′, η′|B, η〉0R = − 2
4 (1 + g1g
′
1 + g2g
′
2)√
(1 + g21 + g
2
2)(1 + g
′2
1 + g
′2
2 )
δη′η,+. (112)
We have then the amplitude, from (31), in the NS-NS sector as
ΓNSNS(ηη
′) =
n1n2Vp+1 [(1 + g
2
1 + g
2
2)(1 + g
′2
1 + g
′2
2 )]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t |z|−1
×
∞∏
n=1
(
1 + ηη′|z|2n−1
1− |z|2n
)5 3∏
α=1
1 + λαηη
′|z|2n−1
1− λα|z|2n , (113)
where each term involving the eigenvalues λ1, λ2 and λ3 in the infinite product can be
simplified, using the relations given in (111), as
3∏
α=1
1 + λαηη
′|z|2n−1
1− λα|z|2n =
1 + ηη′|z|2n−1
1− |z|2n
(1 + λ ηη′|z|2n−1)(1 + λ−1 ηη′|z|2n−1)
(1− λ|z|2n)(1− λ−1|z|2n) , (114)
where
λ+ λ−1 = λ1 + λ2 + λ3 − 1,
= 2
(1 + g′1g1 + g
′
2g2)
2 − (g′1 − g1)2 − (g′2 − g2)2 − (g′1g2 − g′2g1)2
(1 + g′21 + g
′2
2 )(1 + g
2
1 + g
2
2)
. (115)
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The above NS-NS amplitude can now be expressed as
ΓNSNS(ηη
′) =
n1n2Vp+1 [(1 + g
2
1 + g
2
2)(1 + g
′2
1 + g
′2
2 )]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
∞∏
n=1
An(ηη
′), (116)
where An(ηη
′) is defined in (43) but for now with the λ given by (115). We have then the
GSO-projected NS-NS amplitude
ΓNSNS =
1
2
[ΓNSNS(+)− ΓNSNS(−)] ,
=
n1n2Vp+1 [(1 + g
2
1 + g
2
2)(1 + g
′2
1 + g
′2
2 )]
1
2
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
[
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
]
. (117)
By the same token, using (112), we have the amplitude, from (32), in the R-R sector as
ΓRR(ηη
′) = −2
4 n1n2Vp+1(1 + g1g
′
1 + g2g
′
2)
(8π2α′)
1+p
2
δηη′,+
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
∞∏
n=1
Bn, (118)
where Bn is defined in (47) but again for now with the λ given in (115). Then the
GSO-projected amplitude in the R-R sector is
ΓRR =
1
2
[ΓRR(+) + ΓRR(−)] ,
= −2
3 n1n2Vp+1(1 + g1g
′
1 + g2g
′
2)
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
∞∏
n=1
Bn. (119)
We have then the total amplitude
Γ = ΓNSNS + ΓRR,
=
n1n2Vp+1 [(1 + g
2
1 + g
2
2)(1 + g
′2
1 + g
′2
2 )]
1
2
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
[
|z|−1
(
∞∏
n=1
An(+)
−
∞∏
n=1
An(−)
)
− 2
4 (1 + g1g
′
1 + g2g
′
2)√
(1 + g21 + g
2
2)(1 + g
′2
1 + g
′2
2 )
∞∏
n=1
Bn
]
. (120)
As before, we define λ = e2piiν for the purpose of expressing this amplitude in a useful
form which can facilitate its analysis. We then have from (115)
cosπν ′0 =
1 + g1g
′
1 + g2g
′
2√
(1 + g21 + g
2
2)(1 + g
′2
1 + g
′2
2 )
,
sin πν ′0 =
√
(g1 − g′1)2 + (g2 − g′2)2 + (g1g′2 − g2g′1)2
(1 + g21 + g
2
2)(1 + g
′2
1 + g
′2
2 )
, (121)
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where we have set ν = ν ′0 with 0 < ν
′
0 < 1, denoting its magnetic nature as before. With
this, the amplitude (120) can now be expressed in terms of various θ-functions and the
Dedekind η-function as
Γ =
n1n2Vp+1 [(g1 − g′1)2 + (g2 − g′2)2 + (g1g′2 − g2g′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ
3
3(0|it)θ3(ν ′0|it)− θ34(0|it)θ4(ν ′0|it)− θ32(0|it)θ2(ν ′0|it)
η9(it)θ1(ν ′0|it)
,
=
2n1n2Vp+1 [(g1 − g′1)2 + (g2 − g′2)2 + (g1g′2 − g2g′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ41
(
ν′0
2
∣∣∣ it)
η9(it)θ1(ν
′
0|it)
,
=
4n1n2Vp+1 [(1 + g
2
1 + g
2
2)(1 + g
′2
1 + g
′2
2 )]
1
2 (1− cosπν ′0)2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
(1− 2|z|2n cosπν ′0 + |z|4n)4
(1− |z|2n)6(1− 2|z|2n cos 2πν ′0 + |z|4n)
, (122)
where in the second equality we have used the θ-function identity (51) and once again
|z| = e−pit < 1. Note that each factor in the integrand of the last equality is positive,
therefore this interaction is attractive as expected. One expects to see an open string
tachyon mode to appear and for this, we need to pass the above tree-level closed string
cylinder to the open string one-loop annulus amplitude via the Jacobi transformation
t → t′ = 1/t. Using the identities for the Dedekind η-function and θ1-function given in
(55), we have the open string annulus amplitude, from the second equality in (122), as
Γ = −i2n1n2Vp+1 [(g1 − g
′
1)
2 + (g2 − g′2)2 + (g1g′2 − g2g′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
p+1
2
e−
y2t′
2piα′
×
θ41
(
− iν′0t′
2
∣∣∣ it′)
η9(it′) θ1(−iν ′0t′|it′)
,
=
24 n1n2Vp+1 [(g1 − g′1)2 + (g2 − g′2)2 + (g1g′2 − g2g′1)2]
1
2
(8π2α′)
1+p
2
∫ ∞
0
dt
t
p+1
2
e−
y2t
2piα′
sinh4
piν′0t
2
sinh πν ′0t
×
∞∏
n=1
(1− 2|z|2n cosh πν ′0t+ |z|4n)4
(1− |z|2n)6(1− 2|z|2n cosh 2πν ′0t+ |z|4n)
, (123)
where in the second equality we have dropped the prime on t and once again |z| = e−pit < 1.
From the second equality above, we see the factor in the integrand
lim
t→∞
e−
y2t
2piα′
sinh4
piν′0t
2
sinh πν ′0t
∼ lim
t→∞
e−
(y2−2pi2ν′0α
′)t
2piα′ (124)
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which blows up if y < π
√
2ν ′0α
′, signaling the onset of tachyonic instability. Once again
we see that the magnetic fluxes give rise to the open string tachyon mode.
In summary, we have further confirmed what has been learned in the previous section
using systems with different structures of fluxes as discussed in this section. In other
words, the electric flux(es) give rise to the non-perturbative open string pair production
while the magnetic one(s) give rise to the tachyon mode. When both of these are present,
the interplay of these two gives to the enhancement of the pair production rate. The pair
production enhancement revealed in this section for small ν0 parameter becomes more
suitable in realistic application since it does not necessarily need large fluxes. For this
reason, it is more useful as we will discuss in section 6. In the following, we will discuss
the only remaining case for 8 ≥ p ≥ 4 which involves only two magnetic fluxes sharing
no common field strength index. As expected, this gives only attractive interaction and a
tachyonic instability at small brane separation if we use the open string annulus diagram.
5 The 8 ≥ p ≥ 4 case
We have only one case to discuss in this section for which we have two magnetic fluxes
sharing no common field strength index. The structure of the flux Fˆ on one set of Dp
branes can be cast without loss of generality as
Fˆ =


0 0 0 0 0 0 . . .
0 0 −g1 0 0 0 . . .
0 g1 0 0 0 0 . . .
0 0 0 0 −g2 0 . . .
0 0 0 g2 0 0 . . .
0 0 0 0 0 0 . . .
...
...
...
...
...
...
. . .


(1+p)×(1+p)
, (125)
while on the other set we have the same structure for the flux Fˆ ′ but with a prime to
distinguish from the former. With them, again following the same steps as before, we can
determine the corresponding eigenvalues λα with α = 0, 1, · · · , p as
λ0 = λ5 = · · · = λp = 1,
λ1 = λ, λ2 = λ
−1, λ3 = λ
′, λ4 = λ
′−1, (126)
39
where λ and λ′ satisfy, respectively,
λ+ λ−1 = 2
(1− g21)(1− g′21 ) + 4g1g′1
(1 + g21)(1 + g
′2
1 )
,
λ′ + λ′−1 = 2
(1− g22)(1− g′22 ) + 4g2g′2
(1 + g22)(1 + g
′2
2 )
. (127)
Since both λ and λ′ are magnetic nature, for the purpose of expressing the interaction
amplitude in terms of various θ-functions and the Dedekind η-functions as before, we set
λ = e2piiν
′
10 and λ′ = e2piiν
′
20 . Then from (127), we have
tan πν ′10 =
|g1 − g′1|
1 + g1g′1
, tan πν ′20 =
|g2 − g′2|
1 + g2g′2
, (128)
where 0 < |g1|, |g2|, |g′1|, |g′2| < ∞ but with 0 < ν ′10 < 1 and 0 < ν ′20 < 1, respectively. In
particular, 1/2 > ν ′a0 > 0 for −1 < gag′a <∞, ν ′a0 = 1/2 for gag′a = −1 and 1 > ν ′a0 > 1/2
for −∞ < gag′a < −1. Here a = 1, 2, respectively. The zero-mode matrix element (33) for
the present case in the R-R sector can be determined to be
0R〈B′, η′|B, η〉0R = − 2
4 (1 + g1g
′
1)(1 + g2g
′
2)√
(1 + g21)(1 + g
′2
1 )(1 + g
2
2)(1 + g
′2
2 )
δη′η,+. (129)
With the above preparation, we can obtain the amplitude in the NS-NS sector as
ΓNSNS =
1
2
[ΓNSNS(+)− ΓNSNS(−)] ,
=
n1n2Vp+1 [(1 + g
2
1)(1 + g
2
2)(1 + g
′2
1 )(1 + g
′2
2 )]
1
2
2(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
|z|
×
[
∞∏
n=1
An(+)−
∞∏
n=1
An(−)
]
,
=
2n1n2Vp+1|g1 − g′1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ
2
3(0|it)θ3(ν ′10|it)θ3(ν ′20|it)− θ24(0|it)θ4(ν ′10|it)θ4(ν ′20|it)
η6(it)θ1(ν ′01|it)θ2(ν ′02|it)
, (130)
where in the first equality we have used (31) for ΓNSNS(±) and in the second equality
An(±) are defined in (88) but here with λ and λ′ given in (127). Similarly, the amplitude
in the R-R sector can be obtained as
ΓRR =
1
2
[ΓRR(+) + ΓRR(−)] ,
= −2
3 n1n2Vp+1(1 + g1g
′
1)(1 + g2g
′
2)
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
∞∏
n=1
Bn,
= −2n1n2Vp+1|g1 − g
′
1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ22(0|it)θ2(ν ′10|it)θ2(ν ′20|it)
η6(it)θ1(ν
′
10|it)θ1(ν ′20|it)
, (131)
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where in the first equality we have used (32) for ΓRR(±) and also (129) for the zero-mode
matrix element, and in the second equality Bn is defined in (90) but again with the present
λ and λ′ given in (127). So the total amplitude
Γ = ΓNSNS + ΓRR,
=
2n1n2Vp+1|g1 − g′1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
[
θ23(0|it)θ3(ν ′10|it)θ3(ν ′20|it)−
θ24(0|it)θ4(ν ′10|it)θ4(ν ′20|it)− θ22(0|it)θ2(ν ′10|it)θ2(ν ′02|it)
]
/[η6(it)θ1(ν
′
10|it)θ1(ν ′20|it)],
=
4n1n2Vp+1|g1 − g′1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
θ21
(
ν′10−ν
′
20
2
∣∣∣ it) θ21 ( ν′10+ν′202 ∣∣∣ it)
η6(it)θ1(ν
′
10|it)θ1(ν ′20|it)
,
=
4n1n2Vp+1 [(1 + g
2
1)(1 + g
2
2)(1 + g
′2
1 )(1 + g
′2
2 )]
1
2
(8π2α′)
1+p
2 (cosπν ′10 − cos πν ′20)−2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×
∞∏
n=1
[1− 2|z|2n cosπ(ν ′01 − ν ′20) + |z|4n]2 [1− 2|z|2n cosπ(ν ′01 + ν ′20) + |z|4n]2
(1− |z|2n)4(1− 2|z|2n cos πν ′10 + |z|4n)(1− 2|z|2n cosπν ′20 + |z|4n)
,(132)
where in obtaining the third equality we have used the identity (97) for θ-functions and
once again |z| = e−pit < 1. Note that every factor in the integrand in the last equality is
non-negative, so Γ ≥ 0, which vanishes only if ν ′10 = ν ′20 and otherwise gives an attractive
interaction as expected.
The small brane separation behavior of the amplitude can be best seen in terms of the
open string one-loop annulus amplitude which can be obtained from the third equality of
(132) via the Jacobi transformation t → t′ = 1/t. Using the relations for the Dedekind
η-function and the θ1-function in (55), we have the annulus amplitude as
Γ = −4n1n2Vp+1|g1 − g
′
1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt′
t′
p−1
2
e−
y2t′
2piα′
θ21
(
ν′10−ν
′
20
2i
t′
∣∣∣ it) θ21 ( ν′10+ν′202i t′∣∣∣ it)
η6(it′)θ1(−iν ′10t′|it′)θ1(−iν ′20t′|it′)
,
=
24 n1n2Vp+1|g1 − g′1||g2 − g′2|
(8π2α′)
1+p
2
∫ ∞
0
dt
t
p−1
2
e−
y2t
2piα′
sinh2 π
ν′10−ν
′
20
2
t sinh2 π
ν′10+ν
′
20
2
t
sinh πν ′10t sinh πν
′
20t
×
∞∏
n=1
[1− 2|z|2n cos π(ν ′10 − ν ′20)t+ |z|4n]2 [1− 2|z|2n cosπ(ν ′10 + ν ′20)t + |z|4n]2
(1− |z|2n)4 [1− 2|z|2n cos 2πν ′10t + |z|4n] [1− 2|z|2n cos 2πν ′20t+ |z|4n]
,(133)
where in the second equality we have dropped the prime on t and again |z| = e−pit < 1.
From this amplitude, it is also clear that Γ = 0 only if ν ′10 = ν
′
20 and otherwise it is greater
than zero, therefore giving an attractive interaction. For large t, we have an exponentially
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growing factor if ν ′10 6= ν ′20 in the integrand
lim
t→∞
sinh2 π
ν′10−ν
′
20
2
t sinh2 π
ν′10+ν
′
20
2
t
sinh πν ′10t sinh πν
′
20t
∼ epi|ν′10−ν′20|t →∞, (134)
which indicates the existence of an open string tachyon mode as expected. There is a
tachyonic instability to occur when y < π
√
2|ν ′10 − ν ′20|α′.
Given what we have learned in the previous sections, the nature of the interaction as
well as the onset of tachyonic instability is expected.
6 Conclusion and discussion
In this paper, we consider a system of two sets of Dp branes placed parallel at separation
with each carrying two worldvolume fluxes. We focus here on that the two fluxes on
one set of Dp branes are the same in structure but different in values as those on the
other set. We give a systematic account of computing the stringy amplitude for each
allowed such system and analyzing the analytical behavior of this amplitude. We have
learned that when the fluxes are electric in nature, they in general give rise to the non-
perturbative Schwinger-type open string pair production. On the other hand, when the
fluxes are magnetic in nature, they give rise to an open string tachyon mode and there will
be the onset of tachyonic instability and its subsequent tachyon condensation when the
brane separation is smaller than a certain value determined by the fluxes. The interplay
of the non-perturbative open string pair production and the tachyon mode leads to the
open string pair production enhancement in certain cases when one flux is electric and
the other magnetic. In particular, we find this enhancement even when the electric flux
and the magnetic one share one common field strength as reported in the subcase 3 in
subsection 3.2, which is quite unexpected since there is no such enhancement in the one-
flux case studied previously by the present author and his collaborator in [17] . This pair
production enhancement can have potential realistic applications which we will discuss
later in this section.
When the two fluxes share one common field strength index, one can examine all
the corresponding closed string tree-level cylinder amplitudes computed in the previous
sections and find that they can be cast in general as
Γ =
2n1n2Vp+1[det(η + Fˆ
′) det(η + Fˆ )]
1
2 sin πν
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t θ41
(
ν
2
∣∣ it)
η9(it)θ1(ν|it) , (135)
where the ν parameter is determined in the previous sections, i.e. (49), (65) and (121),
respectively. When ν is real, it can be set ν = ν ′0 with 0 < ν
′
0 < 1. The corresponding
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fluxes are magnetic in nature. The interaction amplitude gives an attractive interaction
between the two sets of Dp branes until y = π
√
2ν ′0α
′ when the corresponding open string
tachyon condensation occurs. So when the amplitude is expressed in terms of the open
string annulus one via the Jacobi transformation t → t′ = 1/t, we can see the onset of
tachyonic instability by noticing an exponential divergent factor in the integrand of the
amplitude by setting t′ →∞ when y < π√2ν ′0α′. For this case, the only way the system
can give off its excess energy due to the applied fluxes is via the tachyon condensation
and when this is done, the system becomes 1/2 BPS just like each set of the system. The
necessary condition for this is to have Γ = 0, which determines the allowed fluxes.
When ν is purely imaginary, it can be set ν = iν0 with 0 < ν0 <∞. The corresponding
fluxes are electric in nature. The large brane separation interaction is still attractive
but the small brane separation one is rich in physics. In analog of the Schwinger pair
production in QED, we know that there will be open string pair production for this
case beforehand. This manifests itself again when we express the interaction amplitude in
terms of the open string annulus one, implying an imaginary part of the amplitude. When
the brane separation is large, the mass of the open string connecting the two sets of Dp
brane, which equals to the string tension times the brane separation, is large, therefore
the open string pairs are difficult to be produced from the vacuum. So for large brane
separation, the energy loss due to the pair production can be ignored and the amplitude
has almost no imaginary part. However, when the brane separation is small, the pair
production becomes important and the imaginary part of the amplitude, giving the pair
production rate, can no longer be ignored which can be computed following [14] as we
did in the previous sections. The larger the ν0 is, the larger the pair production rate. In
particular, the rate diverges when ν0 →∞, corresponding to the critical electric flux(es).
If the parameter ν0 is not large, for example, ν0 < 1, the pair production rate is in general
small even at brane separation y = 0 and we may treat the pair production as an adiabatic
process until the system becomes again 1/2 BPS one for which the pair production stops.
This can be determined by Γ = 0 which gives a condition for which the fluxes need to
satisfy. Note that the pair production is the process to give off the excess energy of the
system before it becomes 1/2 BPS. For this case, there is no open string tachyon mode
which appears a bit unexpected since the system itself is not supersymmetric before it
becomes 1/2 BPS. One possible explanation to this puzzle is that, unlike the previous
magnetic case for which the tachyon condensation serves as an only means to give off the
system excess energy at15 y < π
√
2ν ′0α
′, the pair production gives off the system excess
15If we extrapolate this to ν′
0
= 0, it would imply that the tachyon condensation occurs at y < 0 which
is impossible and this may also serve to explain the absence of tachyon mode in the pure electric case.
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energy at any brane separation to relax the system back to 1/2 BPS one and for this the
tachyon mode can hardly manifest itself in the annulus amplitude.
When ν is complex as discussed in subcase 3 in subsection 3.2, we have ν = 1 − iν0
with 0 < ν0 < ∞. This case is impossible when each set of branes carries only one-flux
as addressed previously in [17] by the present author and his collaborator. As discussed
in subcase 3 in subsection 3.2, the real part ‘1’ of ν is actually due to the magnetic fluxes
applied while the imaginary part ν0 is due to both the electric and magnetic fluxes. The
large brane interaction is still attractive while the small brane separation behavior of the
amplitude can be best seen as usual in terms of the open string annulus amplitude. One
expects the amplitude to have an imaginary part, resulting from an infinite number of
simple poles of its integrand, to give rise to the open string pair production. Moreover
the real part unity of ν gives an enhancement of the pair production and this is the first
pair production enhancement reported in this paper which is similar in spirit to the en-
hancement of pair production discussed in subsection 4.1. For large ν0, this enhancement
plays less important role and the behavior of the pair production rate is more or less the
same as the pure electric case discussed above. The most interesting and useful case is
for small but fixed ν0 for which the enhancement is important. The pair production rate
(79) can now be approximated as
(2πα′)
1+p
2 W ≈ 2πn1n2
√
(1 + a2)(1 + a′2)
(4π)
1+p
2
∞∑
k=1
(−)k−1
(ν0
k
) 1+p
2
e
−
k(y2−2pi2α′)
2piν0α
′ , (136)
where we have set g = a cosh θ, f = a sinh θ, g′ = a′ cosh θ′, f ′ = a′ sinh θ′. For small ν0,
this rate can be possibly significant if y = π
√
2α′ + 0+ and both |a| and |a|′ are large.
Further the smallest allowed p = 2 gives the largest rate when the fluxes are taken the
same for all 2 ≤ p ≤ 8. This can be interesting academically but in potentially realistic
applications, we cannot have large |g| or |g′| or both since large |a| or |a′| or both imply
them. Further if ν0 ≪ 1, the above rate cannot be significant even with large |a| and |a′|.
However, there is an exception if we are allowed to have the brane separation y < π
√
2α′.
If so, large magnetic fluxes are not needed to have a significant pair production rate. The
rational for the present case is the same as for the case when the electric flux and the
magnetic one do not share a common field strength spatial index which we will turn next.
So we will leave this discussion in appropriate place there.
When the two fluxes share no common field strength index, the closed string cylinder
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amplitude can also be cast in general as
Γ =
22 in1n2Vp+1[det(η + Fˆ
′) det(η + Fˆ )]
1
2 sin πν sin πν ′
(8π2α′)
1+p
2
∫ ∞
0
dt
t
9−p
2
e−
y2
2piα′t
×θ
2
1
(
ν−ν′
2
∣∣ it) θ21 ( ν+ν′2 ∣∣ it)
η6(it)θ1(ν|it)θ1(ν ′|it) , (137)
where the ν and ν ′ parameters are determined in the previous sections, i.e. (95) and
(128), respectively.
For large brane separation, all the systems considered have a well-defined finite attrac-
tive interaction for p < 7. When both ν and ν ′ are real with 0 < ν < 1 and 0 < ν ′ < 1, the
corresponding fluxes are all magnetic. For this case, the interaction amplitude is positive,
implying attractive interaction, until the brane separation y = π
√
2|ν − ν ′|α′ for which
the open string tachyon condensation occurs. As before, the onset of tachyonic instability
can be best seen in terms of the open string annulus amplitude and the tachyon conden-
sation once again serves as the only means to give off the excess energy of the system to
finally settle it down to its 1/2 BPS state.
When one flux is electric and the other is magnetic, we have, say, ν = iν0 with
0 < ν0 < ∞ and ν ′ = ν ′0 with 0 < ν ′0 < 1. Once again we expect a significant open
string pair production at small brane separation and the pair production rate is given
in general by (102). The large ν0 case is not different from the previous cases and once
again the magnetic flux plays a minor role. We focus here on the realistic useful case for
which we have small but fixed ν ′0 and ν0 with ν
′
0/ν0 ≫ 1. For this, the dimensionless pair
production rate can be approximated from (102) as
(2πα′)
1+p
2 W(ν ′0 6= 0) =
n1n2|f − f ′||g − g′|
2π2
∞∑
k=1
(−)k−1 1
k
( ν0
4πk
) p−3
2
e
− k y
2
2piα′ν0 e
kpiν′0
ν0 . (138)
Small ν0 implies small |f −f ′|. In other words, the electric flux on one set of Dp branes is
almost identical to that on the other set of Dp branes. Since 0 < ν ′0 < 1, so small but fixed
ν ′0 does not necessarily imply small magnetic fluxes |g| and |g′|. As our sample estimation
demonstrates in Case III in subsection 4.1, the largest rate is for p = 3 and can be
significant for a reasonable choice of ν0, ν
′
0 when y = π
√
2ν ′0α
′+0+. This appears that we
can have a real experimental possibility for exploring the existence of extra dimension(s)
and as such for testing string theories if we assume to live in a (1 + 3)-dimensional world
which are D3 branes. As discussed and stressed in Introduction and at various points
in the previous sections, the open string pair production gives rise to the open string
pairs connecting the two sets of Dp branes and therefore they are directly related to the
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existence of extra dimension(s). Since this is based on string theories, a detection of open
string pair production indicates not only the existence of extra dimension(s) but also the
correctness of string theories. For an observer living on one set of D3 branes, she/he can
only detect the ends of each produced open string pair as a particle/anti-particle pair.
However, there is a sharp distinction between the pair production here and the Schwinger
pair production, say, in QED. In string theories, if the set of D3 branes carrying the same
fluxes is an isolated one, the observer living on this set will not detect pair production
since a charged neutral string with its both ends on the D3 branes will not give rise to the
pair production. While this is not the case for Schwinger pair production, say, in QED.
Further the Schwinger pair production on the magnetic flux, even the non-linear effect is
considered, is different.
If we indeed want to put the above into test in real-life experiment, for example, in
real-life laboratory, the electric flux and the magnetic flux are both very small compared
to the string scale even with the consideration of some D-brane phenomenological one,
say, around 10 TeV. In what follows, we still want to keep ν ′0/ν0 ≫ 1. One of the good
things for such small fluxes is that we do not expect the pair production along with
possible tachyon condensation to perturb the original brane system much. Their roles are
to release the tiny excess energy, due to the applied fluxes, in comparing with the rest
energy of the original system. So we may expect that the pair production rate can be
valid even to zero brane separation. Let us demonstrate this in the most useful case of
p = 3 and for this case the rate (138) is
(2πα′)2W(ν ′0 6= 0) =
n1n2|f − f ′||g − g′|
2π2
∞∑
k=1
(−)k−1 1
k
e
− k y
2
2piα′ν0 e
kpiν′0
ν0 . (139)
Even though the large k term in (139) appears divergent for y < π
√
2ν ′0α
′, indicating the
tachyonic instability, the rate itself is actually finite if we perform the summation and the
result is
(2πα′)2W(ν ′0 6= 0) =
n1n2|f − f ′||g − g′|
2π2
ln
(
1 + e
−
y2−2pi2ν′0α
′
2piν0α
′
)
. (140)
For large brane separation, this rate gives the leading k = 1 term approximation of (139),
as expected, which remains as a reasonably good approximation until y = π
√
2ν ′0α
′.
There is no divergence in this rate even for y < π
√
2ν ′0α
′ down to y = 0, giving a fair
justification of our above assertion. For y = 0, we have the rate as (2πα′)2W(ν ′0 6= 0) =
n1n2|g− g′|2/(2π), which can be significant in terms of laboratory scale but needs further
understanding. As discussed in [31], the rate for p > 3 is at least smaller by an order of
(ν0/4π)
1/2, which can be a few order of magnitude smaller for ν0 using real-life laboratory
46
electric flux(es). So the detection of open string pair production can single out D3 branes
as the most preferable to its observer, if he/she just like us knows about string theory. The
produced large number of open string pairs can in turn annihilate to give, for example,
highly concentrated high energy photons if the fluxes are localized on the branes and this
may have observational consequence such as the Gamma-ray burst. This same type of
pair production and its subsequent annihilation, if happens at our early Universe, may
also be useful in providing a new mechanism for reheating process after cosmic inflation.
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